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Angular Momentum Theory
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1. Review of Basic Principles

1. Hermitian Operators

We assume that the scalar product of two functions y and g

[ i AAL :‘}EJ
is defined and has the properties: LA E aa 478 s O o
B sl ys | oy de
] * .ﬂl)OUL
R <y lE> = <E|x>
L <X]cg> = c<y|E> c uwmpbﬂ- WO
City

x{lgg> + 8,7 = <xlgg> + <x|g,>

it

(ji) {<X}i + <Xzi}lg> <X1‘E> + <X2§g>

Here * denotes complex conjugation and ¢ is a complex number.

The Hermitian adjoint, Qf of an operator 5 , is defined

by the property

.<§+X]g> = <X!Qg> &= <X|ﬁ|g>

A Hermitian or self-adjoint operator is its own adjoint: s

ol = 8

Hence for a Hermitian operator

o~ ~ *
<Q$X|g> = <g|9%x>

<X1Q|g>

~ *
= <g|alx>

Thus the matrix representation of a Hermitian Qperatoh has

real diagonal elements and the off-diagonal elements are the
complex conjugates of the transpose matrix.

Important properties of Hermitian operators:

~ S Ly - RAppAn VAL

(a) have real eigenvalues

(b} eigenfunctions form a compTete“Qrthpnormai set

<wn|wn.> = Gn,n' so that any‘functhﬁMlji can be wﬁ&Q&S\

expanded as !f> = LU ><p |f> \\MmJb ﬂcﬁmﬂﬂ poeT
i!'¥n” " ¥n oo
a wang-adibin

bedrised \S-«{V) )
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The representation of a general function as a column

vector
<¢1if>
| > = <W21f} o

f>

<wN

is convenient since one can work with the function as a
physical vector rather than an abstract function. In the

same way, representation of operators as matrices

~
=
vt
o]
=
Y
A
==
o §
o
=
2%}
1%
.
-
A
=
— )
=
.6_
=
v

i11 be convenient.

Unitary Transformations

f

p

t

p

Let |¢n> = §|¢n> and l¢n|> = alwn,>. Then <¢ﬂ‘¢n’> = <y

i

A unitary transformation is a linear homogeneous trans-
ormation which preserves "lengths" and “gng?es", i.e. scalar
roducts are dinvariant under unitary transformations.

If 6 is an operator (matrix) which generates a unitary
ransformation of the basis functions {]wn>}, then the scalar

roducts <wn§wn.> must be invariant:

nl¥n

s required. Hence

<¢n|¢n1> = <3wﬁ|U¢n-> = <¢nlu Ul¢n=>



Y %, ; . ., ) r' N
Ala A C B W Dapsiit { SNRVVIVE
and U + g = 1 - Y ’ - (”“
W\c\.}‘(\ e A R A e
~ " Mo Vs ket \
_ _E Ve s \ W ¢ )@;»’-\mxi‘\:‘ :1 ol )
ie. ulo= Ut IR 49 .

In terms of matrix elements b
OW\*A - L Q.l Cy

LTIV N iy '\ﬁjﬁ{’-‘
E; VA g m-{rga PReY

9

607 = U1y = EluerglBvg = 2l by,

£
St

n

phy <y, [6,>
m

Hence U_. = <¢m|¢n> = <wm|U|¢n>

Now unitarity requires U+U = 1 so that

s> <u 0T 1o <uy [T Loy <bp o [UTD 2<pg |3

= Dl ><d
m m l'ﬁl

W sy [0 v (Ul = Sy o

*

or i“nmunn’ = Snn

Thus if we view the columns of U as a collection of column
vectors, these column vectors form an orthonormal set,
Similarly, one can show that the rows of g can be viewed
as a collection of orthonormal row vectors.

Note: I differ from Rose in my representation of the trans-

~

formation operator. His C corresponds to my U*.
The transformation of the matrix representation Qw
of the operator @ in the {{wn>} basis to the matrix repre-

sentation 2 in the {]¢, >} is straightforward:

“~ */\
<¢T]Ql¢i> - Z{|wm>umi} Q{wnévnj}

= oyt A
= BU < [ 219> Uy 5



and +
e ¥
g, = U gL

3. Diagonalization of Operators

Suppose that the representation O of the operator
$ in the {|¢n>} basis is not diagonal. How does one find
the unitary transformation U to a basis {|¢,>} in which

the representation is diagonal?

2y
[05> = Ty >Upy

Q}¢i> = wi|¢i> (requirement for diagonal representation}

LHS = zalwn>uni
= zlu<y |alv,oU
n,m m m n nt
RHS =

w. |y s .
Pnmeomi
Since the iwm> are a set of linearly independent functions

z{<wm|9|wn> - wiamn}uni = 0
. ‘

This set of linear homogeneous equations has nontrivial
solution if and only if |Q, - w1 | = 0. This determinantal
equation furnishes the algebraic equation from which the
allowed eigenva]ueé {wi} are determined, and back substitution
into the set of linear equations gives the elements of u
within an arbitrary coristant. The arbitrary constant is

determined by requiring U to be unitary, and one is left

with only arbitrary phases of exp(in) on each column of u.

4. Exponential Form of Unitary Operators

An exponential operator exp(ﬁ) is defined as the

McLaurin series:



e lannve foaadan

5
° ho’)»-: o

~ w0 ~ = Z ’}‘t,_,,_»‘——
exp(A) =nZ=GAn/n! e

Note that for two operators A and B,
exp(A + B) = exp(A) exp (B)
IF and ONLY IF A and ﬁ commute.

~

Note also that [exp(a)]“] = exp(-A)

since A and -A do commute.

s ~

Theorem: I1f S is Hermitian, the operator exp(iS) is unitary.
exp(ig)
ot = [z(is)"/nt]"
= 2([1517)"/n!
= 5( -isT)"/nt
")

Proof: U

= exp(-1i$
= exp(-1S)

U»?

Hence U is unitary.
Example: Rotation in One Dimension
The Schroedinger equation for rotation of a diatomic

rotor in a plane is

2 2
2ur” 9¢
with solutions ¥ (o) = A;ﬁfin¢ PRI CINL I SN
and eigenvalues En = An
Zur

If the coordinate axes are rotated by angle o so that the
rotor remains in the plane, the transformed wavefunction
- ‘ — = - ]

is ¢/ (¢) = ¥ (¢-a) = exp(-ina)y (¢)

But exp{-ina) is just the matrix representation of the

operator exp(-iLzu), where L. =-i3/3¢ is the dimensionless

1
Joo = bt g ey o 402 fin o

4
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orbital angular momentum operator. Hence the rotational
transformation is unitary and the Hermitian operator S

in this case is Just -aLz.

Addendum

It is useful to look at this problem in another way:

V' (¢) = y(¢-a)
We can express U{¢-o) as a Taylor series

2 2 3 .3

b(g-a) = p(g) - odk 4 L)t Ay, )7 d 4,
d¢ 21 dy 31 d¢

v+ (- o)y p o+ A(-0d)3y s,
do 21 de 31 do

il

1qed 2

[H]

exp(-dg—) P (4)
do

H

In quantum mechanics, the dimensionless z-component angular

. . d n :
momentum operator 1is '1d¢ , hence Ly = - Lé&kﬁ

o= exp(wiaiz)w.

This derivation is probably more instructive than that given

above which was taken directly from Rose's book.
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IT. The Angular Momentum Operators
5. Definition of Angular Momentum Operators

From the observational point of view, the physical quantity to
which the term angular momentum refers is usually the result of a
rather indirect measurement. In the theory, this appears as a
quantity related to the eigenvalue of an operator having to do
with the rotational properties of the physical system. 1In classical
mechanics, orbital angular momentum is conserved if the classical
Hamiltonian is invariant under rotations, and in quantum mechanics,
this would correspond to the statement that Q commutes with the
angular momentum operatofs. In classical mechanics all 3 components
of orbital angular momentum can be constants of the motion, but only
one component operator can be & constant in the quantal system be-
cause the component angular momentum operators, although they
commute with Q, do not commute with each other. Another very
important difference between classical and quantal angular momenta
Ts that only orbital angular momentum is possible in classical mechanics,
whereas one very often finds intrinsic spin angular momenta as wel]
as orbital angular momentum in quantum mechanical systems. We shall
define angular momentum operators in a more general manner and show
that orbital angular momentum operators fit into the general scheme.

To define the angular momentum operators, we generalize

the simple example of section 4. Consider a rotation of the coordinate

system by angle & about an axis defined by the direction of the unit
vector n. The wavefunction v in the original coordinate system is
related to the wavefunction ¢' in the rotated system by a unitary

transformation R{n,o):



-B-
In the limit 6-+0 R+1 and it is convenient to express R as

R(F,0) = expl~iS(H,0)] | (2.2)

where S is a Hermitian operator whose identity is yet to be specified,
Clearly S-+0 as 6-0.

It is useful to look at infinitesimal rotations:

~

~ o~ ’ ALS L8 «te>(‘-
R(W,6) = 1-18(n,8) (- e ondon Jow g k)
~ ~ "\ ~ 'A
Ry = (1 -1S)y or Ry -y = -iSy

For an infinitesimal rotation about the z-axis, it is clear (section 4)
,that . “?vx 4 %‘W‘“‘“L Wt’&.?i“f‘:’\ ¢ Iz # La')'
Rzll) - lj) =-18J21p L ég“}fi} = ansp C”“’ej%i\

where JZ is the z-component of the angular momentum operator. Similarly

infinitesimal rotations about the x, or y axes are described by

x
=3
1
R=3
i

= —TGJXw

and ~

oo
<
1
=
i

~i0d .
yY

>

The operators Sx’ Sy’ JZ are the operators for the three components
of the total angular momentum of the system and generate infinitesimal
rotations of the coordinate system about the x, y, z directions.

They are complete in that any infinitesimal rotation about a general

direction can be represented as a linear combination of these primitive

rotations. Ffor infinitesimal rotation by 6 about n:

Fal

R(F,6)y - § = -i0R-Jy = Rn g (X8

a.

Thus the operator S in (2.2) above must be given by
~ 5 >

S = on+d

and the unitary transformation is

N

J

)

R = exp(nieg-




Thus the angular momentum determines the transformation properties %
of the system under rotations of coordinates. Conversely, the

3
angular momentum operator J can be determined from the transformation

properties of the system. This is the essence of our definition *
of angular momentum.
6. Orbital Angular Momentum
As an illustration of the ideas developed above, let us consider
the case of a function w(x,y,z) of the space coordinates, and let us
apply a rotation of the coordinate system so that the point {(x,y,z)
in the original frame corresponds to coordinates (x',y',z') in the
rotated frame. Thus
Vixt,ytaz) T My,e)
Let us consider an infiqitesima1rmtaﬁon d6 about the z-axis
Y
R y G, y)
;
v ;/x/
e
) '”;f i Pt e ki hesiondl
T ‘ giuo - B
x' = xcos(de) % ysin(de) = x + yde s® = 1.
y' = -xsin(dg) + ycos(dd) = y - xd®
z' = 2

Then we make a Taylor expansion of ¢(x’ v'oxt) about (x,y.,z) =

k]

b A8 () + (B (yrey) + (G (2 -2)

Pixt,y'hz') T Yixuy.z) 3y

4

Since we are considering only an infinitesimal rotation, higher order

terms can be neglected, hence
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. -
Vixtiytazt) T Yixay.z) T 98 (Yax = %3y ¥(x,y,2)

Recall that, by definition,

Rb(x,y,z) =~ O - 1409, 0¥ (4, y,2)

for an infinitesimal rotation. Hence we make the identification

J. = —i(xiL - yiL) = L

z a3y X z

In an analogous fashion, one can show that

U Li{yd 2l

Ly -ily3; ?ay)
and

T o

Ly - "‘(Zax xaz)

It is straightforward to derive the commutation relations among

the orbital angular momentum operators:

~

[Lgi]xtt"ii\.

X y X"y ¥x
9 3 0 3 3 d d ]
= - - [t —_ - w— 3 —— - e 4 s
(va7 = Zay (g = X5 * (B3 ~ %%z (v37 = %y
2 2 2 2 2 2
= —ij»— yz g + xya_z, + 22 N XZ A vz o . 22 2
ox 329X 3z ayox 3yoz X2z axsy
2 2
-xyjiE» + ij + xza
74 ay Jzay
:x—a—' -y—-a——
dy A
= 1LZ
r
N
By cyclic permutation of indices, we obtain 2
~ ~ ~ () . N
. L
[Lyng] = 1Lx {l\_,( ’,Ln\\/}' bz
’\ W
~ ~ ~ EL\I,IBLQf\P‘ \\i
[LZ,LXJ = ?Ly {m;®> le\ﬁ = il
Or ~ -~ ~
> > L
L x = il



-1

7. Commutation Rules for Angular Momentum Operators

We now wish to show that our general definition of angular

momentum operators in terms of transformation properties implies the

s ~ ~

-+ - -+
commutator relations J x J = iJ for a general angular momentum. We

apply two infinitesimal rotations to the coordinate system
exp(-idexe) and exp(-ideydy) and find the difference which arises when

the operations are applied in different order. The rotation matrix

for a rotation about the x-axis is G ok b 15(0)
! «! RO Lve O/

R “": ? (-&-nw sd ol y }
Rx(ax) = 0 coss, sing, 2 PR

0 —san@ cose

and for a rotation about the y-axis

8 0 - 0
) cos y sin y
R = '
y(ey) 0 1 0
s1n@y 0 cosey

and for infinitesimal rotations

Rx(dex) = 0 1 dex

0 -de,, 1
) ] 0 ~d6y
R (do = 0 ] 0
y( y)

1 0 0 )

do 0 1 ])'
Y

Llet us concentrate our attention on the point {(1,0,0) to see how it

is transformed by the operations Rx(dex) followed by Ry(dey) and by

the operations Ry(dey) followed by Rx(dex)
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' 1 1
R, (de ) R, (do. ) 0 0
0 doy

and

1
Rx(dex) Ry(dey) 0 (de de)
0

Pictorially
Z z

il

: f ~wJ@14&y
X
o . d0, 7 . R
Ry(dey) Rx(dex) 8 Rx(dex)Ry(dey)

(<

Thus Rx(dex)Ry(dey) - Ry(dey)Rx(dex) corresponds to rotation

of magnitude dexdey about the z-axis.

Equating the net changes in the vector (1,0,0), we have

exp(—1deXJx)exp(~1d6ny) - exp(-qdeydy)exp(-zdexdx)
= exp(~1d@xdeydz) -1
Expanding to second order in infinitesimals, we obtain

. " 27 2 . S 27 2
[1-ide J_ - (dex) J, ][1-1deny - (dey) Jy ]

‘ . o~ 2 ~ 2 . ”~ 2 Y 2

- -ids J - - J - (d

f1-1 vy (dey) Jy 1[1-ide J. (ds ) ]
= [I—id@xdeJz} -1

and
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2 ) ~ -~
= dexde d.d

. ~ . ~ 2,\ 2 2A
1 - ide J - 1d8ny - (de)) Iy - (dey) Jy yIxdy

. ~ . ~ 2A 2 2/\ 2 ~ -~
- [1«-1d6xe-—1de J -(dex) JX ~(d6y) Jy - dexdeyayaxj

yy
= -id6_dg_J
X 'y z
or ~dexdey(Jny - Jny) = —1deyd8ydz
Thus we find the usual commutator relation %
Ay
~ o~ _ '-’\ J
[JX,Jy] = iJ, . &n,ﬂzuymi.am%ulnL.u@nwmkmdﬂ)uﬂ
8. Eigenvalues of the Angular Momentum Operators

Let us consider a single system (one melecule say) with total
angular momentum j. 1In a large number of physical problems, one

finds that the Hamiltonian operator commutes with the operator for
?L Yo [

a rotation about the k-axis: LR VA S

Yoo oa e
cale L SR N W AL

~

exp(—iake)Hexp(iJke) = H

o [H,exp(id,6)] = 0.

1f we expand exp(iak@) in its MclLaurin series representation, the
coefficient of each term in the 6" series must be independently
zero. Hence we conclude that

[#,9,"1 =0
i.e. Q commutes with any power of 3k' 0f course the condition
that [Q,Sk] = 0 is sufficient to prove that H commutes with all

powers of Jk'

Py

y
experiments in the absence of large static electric or magnetic

In some cases, g commutes with JX,J and JZ (spectroscopic

fields), while in others Q commutes only with JZ {(experiments

with static field along z-azis). In both of these cases H commutes

. A2 -~ ~ ~ . .
with J° = sz + Jyz + Jzz. Thus, we generally have the conditions



e | S guant (4, 520 =0

t,ﬁ }d‘jélno

A2 4
[R31-=0 ¥ (57,52 w0
] - 4
and [H,0°] = O 3x

In addition [J%,3,] = 0, [3%,0,] = 0, and [32,3,1 = 0. This
implies that the eigenfunctions of the Hamiltonian are simul-
a2

taneously eigenfunctions of JZ and J Let us designate these

eigenfunctions |jm> and define their eigenvalues by

- g - n.f-'.
J, [ dm> = m|im> Ve - ‘#jv«
32[%m> = ajﬁﬁm>

We now proceed with the determination of the eigenvalues m and

a‘j of these angular momentum operators. At this point, J is
simply an index to distinguish one eigenvalue of 02 from another.
Now the operator sz + J 2 . Jz - JZZ will have eigenvalue

y
(aj - m2) for |jm>. The eigenvalue of the square of a Hermitian
operator is necessarily positive:

<m|3 Blame = Do <imld 13 mts<dnt |3, |im>
J'Iml

= > J<inld, 31?2 0
j!ml

2 > 0 and that for a given j, m

This implies that a5 >0 and that aj -m
will be bounded ~J?%_gn1i-k /?%. We shall find presently the
precise values of these bounds and the allowed values of aj.

It is useful to introduce the ladder operators

= 4 29 - ™
Ji Jx__xdy N

They obey the commutator relationships
[JZ,J+]= [JZ,JX] + 1[JZ,Jy] = 1Jy + 1(~1Jx)

:J+
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.{3£>3»}-_’3—-—31
A A 3
~ ~ ~ ~ ~ R 2.
[0.,9 1 = [J,,9.] - d[3 ,0,] =43, - i(-id,) [3.,57-
Z AZ y .y x__: AL [,
I | [*3 ,\Jt}n o
- + ./\ ~ ”‘A - . Fat ~ _ . ~ ~
[0,,0.1 = [9, 1Jy, Jo 1Jy] 1[Jy,Jx] 1[JX,Jy]
= 23
z
It is useful to recognize that
[0%,3,] =
and that
"2 _ G2 T2 T2 _ l 3 i3 _ 7 v72 T2
A N 3,7 = [0, + J )12 + [-5(d, - 901" + Jd,
= 10,2+ 0B v 00+ 00,0 - 43,2+ 0% - 0,0, -33,1¢ 3¢
I A 3 4
= 5(3,9_+ J_u,) v 0,
Since
3.0 =33, + 2 IR T
+ - -+ 4 R
we obtain
J7 = JZ +J, 7t J_dJ, or J d, =397 - JZ - Jz
and
Jd" = d - J, + J.J or J,Jd = dJ° ~d + J
z z + - + - z z g
Suppose that one of the ejgenfunctions lim> is known. We

operate on it with the commutator

[JZ Jij = Ji
to obtain
Jz(Ji]jm>) - JM(JZ]jm>) = i(Jiljm>)
or
JZ(Ji‘jm>) = (m+1)(d |3m>)
Note that 32 commutes with J+ and with J_ so that
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J (3+!jm>) = 3+(J2[jm>) = aj(3+ljm>)

Thus the functions J _{Jjm> are simultaneous efgenfunctions of J°

and J, with eigenvalues aj and m + 1. Hence

+

J, |im> = Ti1ﬁni}>

where the proportionality constant I'_ may depend on both j and yx
m and may be zero in some cases. B

We have shown above that the eigenvalue m has both Jower
and upper bounds so there must exist an eigenvalue m = m
which corresponds to the lowest allowed m, and an eigenvalue

m o= m, which corresponds to the highest allowed m for a given

j (and a;). Thus we must require

J
3“}jml> = 0
and ~
J+|Jm2> = 0

Otherwise there would be eigenfunctions | jm> with m > m, Or

m o< my contrary to the bounds already established. Now

Jyd_ = d7 - d, 7+ d,
hence
J+(J“|jm]>) = 0
/\2 2 ~ .
= (9% - 9,7 ¢ d, ) dmy>
" 2 .
= (aj - myT ot m1)|3m3>
2 -
Therefore aj - my + m 0
Similari since 3 3 = 32 - 3 (. 3
S -+ z z
J_(9,1dm,>) = 0
2 ~ 2 3 .
= (J° - JZ - JZ)|Jm2>
- _ 2 .
= (aj m, mz){3m2>



we find that
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Since m; <m,, we disregard the latter and conclude that m, =-m,

i.e.

are opposite in sign.

Now

. Ny .
[qm,> @ (J,)7 | gmy>

where n is a non-negative integer.

My = My +n
or m, = -m, + n
and n = 2m2 or

my = n/2

Thus

the upper and lower bounds on m have the same magnitude but

The upper bound on m was shown above to depend on aj and hence

upon the index J.

It is useful at this time to identify the

index j with the largest allowed m i.e.

J=n/2 = m2

= -y .
1

j can therefore take on values 0, 1/2, v, 3/2, 2,

Thus m, =

are ""js 'j+]: 'j+23

allowed values of m

~

J7{im>

Sg]jm>

3]

.y j"za j"'1s 3

The eigenvalue a,

J
J3+1)|im> J
m[jm> m

The quantum number j is the total

Js my = -j and the allowed values of m for a given J

There are 23+ 1

j{j+1). 1In summary

integer or half integer

H

"j& ‘j"*']’ °93

angular momentum in units
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of €. 1In the classical 1imit where j >, the eigenvalue of 32
is jz, We recognize that the maximum and minimum eigenvalues

of +j are, in the classical limit, the situations where the
angular momentum points in the +z directions. The extra term

in the exact eigenvalue of 5?, i.e. j{j+1) = jz(}+-1/j) is a
quantum-mechanical effect which érises from tﬁe noncommutability
of the angular momentum operators. It is seen therefore to
arise from the impossibé]ity of precisely defining the direction
and magnitudé of the éngu]ar mOméntum vector simultaneously as
required by the Heisenberg uncertainty principle.

-~

We must now determine the matrix elements of Jx, Jy and J+

in the basis functions |jm> which diagonalize J, and J°.

We have shown above that

3i|jm> = Filjmj;1>
Hence A A
(J+|jm>)*(di|jm>) = <®n111%f)(ri1ynil>
S INE TR NN FRE
2
T,
Now (J+|3m>)* = <3mlJ+
so that <jm|J+?J+]jm> - 1F+}2
A.f _ ”~

But Ji = J;_ (
and J;Ji = J° - JZ I JZ
Hence iF+12 - 5(3+1) - m(m1)

We take the square root and choose the phase so that

r, = [3(5+1) - m(m+1)77
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This is often called the Condon and Shortley phase convention.
Thus we have shown that the matrix representations of

the angular momentum operators are given by:

N2 Ry
<j'm'{atfim> = J(J +T)63.,j6m,,m
<jlm'|JZ|jm> = m5j|,j5m.,m
<grmta,lame = L33+ ) (m+1)1% ., .8
j'm'| 4 [dm> = L3 - m(m+ 5.0t m e
LI W 5 v “.E s o 1.
<g'mtfa fdm> = SL3IHT) - om(me 1) TE8 50 S8 py
Tregs L9
*sli(Een) -omm- 115650 s8n oy
L] 1 B 3 m __i, 3 3 - %
<3'm'[J,[3m> SL3(3+1) = m(me 11585, 5600y
drsea IR L
+2[J(J+1) ’m(m .E)] 6.}",j6m',m-1

The Functions |LM> and Angular Parts of Hydrogenﬁc Wavefunctions

In Cartesian coordinates the orbital angular momentum operators are:

AT S
Ly = 1(yaz - Ly )
A R | .;_3__ - 33_
Ly 1(Zax Xaz )
N T 1

L, = -1y - yey )

It is useful to represent these operators in spherical polar coordinates:

2%

e o= (xP 4y o+ 2% x = rsin@cos¢
8 = arccos(z/r) y = rsingsing
¢ = arctan(y/x) z = rcosé

The transformation of differential operators is effected by

recognizing that
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B . (arys 30vo \ . /00y N ¢ dnatar ke )
— = RALEE (AN P Bodh- JL S IR [ 0.
ax (axﬁftzﬁ EFLTI (ax%ﬁ¢;ﬁg
= sinecos¢§~ + r'1cosecos¢§~ - r'}cscesin¢§“
ar 58 ad
8 - cinesingd_ 4 p-] o 4 ] 3
5y s1nes1n¢ar + r cos@s1n¢ae + r cscecos¢a¢
8 3 . o Voineds
57 cosear r smea8
Then L. = i(singds + cotBcoser)
X 2B 9
E =i(—cos¢§— + cotesin¢§w)
Y 56 3¢
SRR
L, Y30
and - 5 5
= & 1 i 1 ——
Li _exp(i1¢)(ae + 1c0t88¢

Now let us derive the functional forms of the functions |LM>
which are eigenfunctions of L2 and L, with eigenvalues L{L+1)

and M respectively.

H

L [LM> M|LM>

Hence

.3
-iggILh> = MILM>

or N
55\LM> = iM|LM>

with solution

[Lm> = f) y(8)exp(iMg)

Since ¢ corresponds to a real angle, the function |LM> for
¢' = ¢ + 2m must be jdentical to the function |LM> at ¢' = ¢.
This requires that M, and hence L, must be integral for

orbital angular momenta.
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In the previous section, we recognized that j+|jj> =0

s0 we now take
L+|LL> = exp(i¢)(%w + TCOtG——[LL> = 0

Y.

( But 2Ll = oLl - ® .
so that

8-ILL> - Leots|LL> = 0

If we introduce the change of variable

g = sing
so that
&= 4 %6 - cose%a
and
cot®é = cosb/q

the differential eguation becomes
d L
datL,L gt

which has solution

I . L
fL,L = q- = (sing)

= 0

Hence
[L.L> = A (sin6) exp(iLe)

where A, s a normalization constant.
The other functions |L,L-1>, |L,L-2>, ---, [L,-L> are

obtained by operating on |L,L> with the operator L_.

Example: THe L = 2 Eigenfunctions

|22> = A,sinoexp(+2i¢)

[ 22> = [2(2+1) - 2(2-1)7%|2 1> = 2|2 1>

E_]22> 2

14

-@XP("?¢)[%§ - 1c0te*w]{A sin“pexp(+2i¢)}

H

-4A251necosaexp(+1¢)

|2 1> = -2A,sinpcoseexp(+i¢)
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L_l2 1> = [2(2+1) - 1(1-1)1%[2 0> = (6)%]2 0>

i

£_|2 1> —exp(—i¢)[%§-— 1cotG%E]{-ZAzsinecoseexp(+i¢)}

2A2(3c0528w1)

4]

o2 05 = 2(6) %A, (3c0s%0-1)
L {2 0> = [2(2+1) - 0(0-1)1%|2-1> = (6)%|2-1>
L_|2 0> = -exp(-i0)[25 - 1c0t@%$]{2(6)_%A2(3c0526-1)}

[ty

= 2(6) Azsinecoseexp(-i¢)
...|2—I> = ZAgsinacoseexp(-i¢)
L {2-1> = [2(2+1) - (=1)(-1-1)1%]2-1> = 2|2-1>
E_|2~1> = -exp(wi¢)[%§ - icoteggj{ZAzsinecoseexp(-1¢)}

1§

2A231n28exp(—2i¢)

o 12-2> = A,sinfeexp(-2i¢)
2

Note that L_{2-2> = 0 as it should. The functions |LM>
have the property

M
)

S LT

9. Physical Interpretation of Angular Momentum

In this section of Rose's book, he is preoccupied with the
nuciear physicsts view of angular momentum so we shall ignore

this section.

111 Coupling of Two Angular Momenta

In many spectroscopic and other physical problems, more
than one angular momentum will be present: in atomic spectro-

scopy we have the orbital and spin anguiar momenta, in
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magnetic resonance we have any number of spin anguliar momenta
from the electrons and nuclei in the system. In virtually
every case where two or more angular momenta are present,

the Hamiltonian for the system will contain terms representing
the interaction between the different angular momenta. For
example, the spin Hamiltonian for a molecular fragment with

two equivalent protons in a magnetic field 1s

A Y
Y3
-1

+ 122) + hJI]

~

H = uhvo(I}

z 2

where Vo is the Larmour frequence for the protons, J is the

scalar coupling between the nuclear spins, h is Planck's con-

> -+
stant and 11 and 12 are the nuclear spin angular momentum

operators for the two protons. It should be noted that

I]z and 122 do not comute with H, whereas the operator

-f1z + IZE does commute with H. One finds, in fact, that the
A~ ”~ i 2 ~ 2 ~ 2 ~ .
set of operators I12 L P ( 1 * Iz) s 145 1,0, H simultan-

~

:.')\._
I

eously commute with all members of the set so the eigenfunctions
of Q can be defined in terms of the eigenvalues of the z-component
of the total angular momentum, the square of the total angular
momentum, and the squares of the individual spin angular
momenta. The objective of this chapter is to relate the
coupled functions (the eigenfunctions of f12 + ?22, (?1 + ?
T2 T2

2
o)

I] and I2 ) to the uncoupled functions {the eigenfunctions
ey /\2 o~ ~
of I]z’ I] , 122, 12 ).

10. Definition of the Clebsch-Gordan Coefficients

Let the eigenfunctions for the angular momenta j] and 32

be [j1m1> and ;j2m2> respectively with the properties
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~

Jyz13ymy> = my

ij1>

~

2.
Jy7l3qmy>

it

j}(j}+})!j1m3>
Jo, [3omy> = my[d,my>

Ao L .
PRIRPLPS R PLOPLED R RPLPEe

It must be remembered that although we use the same notation

for the wavefunctions [j]m1> and ]j2m2>, these functions

refer to completely different spaces and depend on completely
different variables. The direct product functions [j1m1>[j2m2>
are usually called the "uncoupled" representation, and the
operators 332, 322, 332 and 322 are diagonal in this representa-

tion.

The total angular momentum vector operator is defined by

It dis easi]y shown that the sum of two angular momenta is

o > >
itself an angular momentum since J x J = iJ can be derived by

i~ 5
recognizing that J} X J2 = 0 since these angular momentum
operators operate in different spaces. We seek a set of
functions |jm> or [jijzjm> which have the properties

3213 5pdm> = J(3+1) [543 dm>

o l3qdpdm> = miqdpdy>

S C o
J713q3dm> = 3y (3410 [343,3m>
2 C .
where TN -
Jp = J¥z t day
and ~ > N
32 = (3, + 3,)°
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This coupled representation |jm> is connected to the un-

coupled representation }j1m1>|32m2> by a2 unitary trans-

formation

ijm> = Z C(J]Jz\]a m]mzm)lj'lmi>|32m2> (34) %

Ay My

where the elements of the transformation, C(jijzj; m1m2m)a
are the Clebsch-Gordan coefficients, Wigner coefficients,

C-coefficients, or vector-coupling coefficients.

[

Let us apply J, Jy, td,, to (3.4)

~

lejm> = m|jm>

D WCUIqdpds mymomy [ dymy> |3 my>
iy oMy
(Jizi-JZZ):E: C(3y3,3s m]mzm)§j1m1>|j2m2>
= E (m1-bm2)C(j}jzj; mimzm)|j§m1>|j2m2>.
MM
Clearly

(m“mT"mz)C(JszJ‘Q m-lmzm) = 0

and C(J1323; m}mzm) must be zero unless m = My +m,. Hence
we can collapse the summation over m, in {3.4) since only

a single non-zero term survives:
|jm> = E C(JTJZJ’mT’ m - m1)l.}}m-§>|325 m”m-E> (3.6) “
m
where we have suppressed the third m tabel in the C-coefficient

since it is superfluous.

Since the C-coefficients are the elements of a unitary

transformation, they must satisfy certain orthogonality
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relations. We begin by recognizing that

<i'm"iim> = 8., .8

jtyai m'm

Then, from (3.6),

I

<j'm*|jm> E C¥(31d,3"s mytum' - my " )C(313,35 my,m-my)
um.l

X <Jgam' -myt[<dymyt[3ymy>[dp.m - my>

#

§ .

J‘,:i6

m',m

or
Z :C*(31323'; mysm=my)C(3qd,ds My am-my) = 8505 x

™
With this orthogonality relation, we can derive the inverse
transformation
v * — >t - - .‘0‘. —“l'
| 3ymy> [ d,m-my> = E |3 m>B (313, 3% mys M-y )
‘-}I
We multiply this equation by C(j}jzj; m1,m-m]) and sum

over m, so that

LHS = }E:C(j1j23; my s m-m])}j1m1>|jzm~ my >
™

u

| jm>

'Im . - 0. - I - . . -
E [ d >§ C(J73,35 mys m=my)B(Jq3,3" s mys m my )

J! my

and

RHS

This requires that
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+* v ‘0' - » - 'i. _ -
2:6(33323, my 5 m1)B(J132J P oMy LM ml) éj.,j
m
1

and therefore

B(Jqdpd"s mys m-my) = C*¥(3,3,3"5 my, m-my)

Therefore
|j}m1>1j2m"m}> = E C*(JTJZJ" m';a m"m'l)tjt”»
J’i
or
lj1m]>|52m2> = E C*(jljsz My m2)|j My +E’ﬂ2> (3.8) =

N
Now we can derive another othrogonality relation for the

{~coefficients:

<J,m 2§<3}m T§31m]>]32m2> = Gmqumq’ GmIZ’mZ-

But, with (3.8), we have

<Fom'oledqmty [ymy> i my>

= E Cliqdp3"s m'],m‘z)C*(jlsz‘; m},m2)<j’,m’1+m'213,m1+m2>
J.3"

= 2 Cligapds miamp)ex (33,0 My )8 emt,, my
J
xém’15m16m‘25m2 \
or E:C(jajej; My et )CH (3,05 M MM ) = Sy S
J

We now wish to investigate the allowed ranges of j and m.
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Quite generally, we know that -j<m<j. Since m = m1-+m2 and
the maximum values of my and m, are 51 and j2 respectively,
the maximum value of m = 31-¥j2 and, of course this must be

the maximum allowed value of J.

Imax J1 +J2

For the case of j = m = jg-%jz, the sum in Eq. (3.4) reduces

to a single term and
|3+ 3,0 dy+ 3,7 = Cligsdnsdy +355053,) 13371053,

By the normalization requirement IC(j],jz,jT-+j2;j],j2)1 must
be 1. By convention, the phases of the C-coefficients are
chosen so that all of the C-coefficients are real. Hence

Cliysdpsdqptdys j1332) =1

The next smallier value of m = jT-sz - 1 and corresponds
tc linear combinations of the uncoupled states |Jj;.J4 - 1> ]i,,0,5>
and |j},j}>[j2,vjz-1>.0ne combination must correspond to the
coupled state |j1-+j2, j]+j2 - 1> and the other to the coupled
state |[j;*+do-1, Jytd,- 1> where j = m = j;+Jj,-1. Similarly
the next Towest m = j]-bjz -2 wiTT have Tinear combinétions of
the uncoupled functions 333333 —2>|32;j2>, |j1,j] +1>{j2,32~ 1>
and.ij];j1>|j2,j2-2> which correspond to the coupled states
|3+ 3,5 dytdp-2>, [dy+dp-T1s §y+td,-2>and [i;+3,-2,
j}+ jz- 2>, where the Tast state has J =n1=j}-+j2 - 2. This
:'brocédure can be carried out.by stepping down the m values,
but eventually the procedure will end when the number of
generated coupled states is equa1“to the number of uncoupled
states. This 1imit‘w§3]'be reached for a particular value

of j = jmin'. Then
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(25 + 1) = (237 + 1)(2, + 1)

We recognize that}i:j is simply an arithmetic progression

with sum
a

E;j - 3(b-a+1)(a+b) = glb(b+1)-afa-1)]
Hence

[(3]+32)(J1+32+1) - Jm.ln(‘]m.ln‘])]*'[-]vl +\}.2'jmin+}] =

(25, +1)(23, + 1) and (3p;0% = (3 - 3,)°
Since jmin > 0, we obtain
Jin = |j1 "j2|'
Hence the allowed values of J are j{ +j2, J’,l +32 e T

lj] -jz|. The numbers jj, jz and j are said to satisfy a tri-
angular relationship, often denoted A(jq,jz,j) and it is
symmetric with respect to the three angular momenta. The C-

coefficients will vanish unless this triangular condition is

satisfied. L l

S\4§1?~J~3\)H'SL\

In summary,

C(jljzj; m1sm"m1) = {)

uniess A(j}gjzsj)s
Iml <3y
Im| < 3,
and

jm-my | < J,-



-30-

11. Symmetry Relations of the Clebsch-Gordan Coefficients

In the previous section we considered the relationships between
the functions |j]mq>]j2m2> and ]jm>. In order to emphasize the
symmetry properties, we now replace Lim> by !j3m3>. Clearly there
is a certain symmetry among the three number pairs j},m1; j2’m2;
j3,m3 in that my = My + m, and there exists a triangular relation-
ship between j},jz and j3. We expect therefore some simple symmetry
relations among the C-coefficients when the roles of the participating
angular momenta are interchanged. In order to investigate the
symmetry relations it is necessary to look at the explicit expression
for the C-coefficients derived by Racah [Phys. Rev. 62, 438 (1942)7:

C(3q3,353mymyms) = 5m3,m1 + m,
1,
2

. T S S
x [(2d5 + V(3 *+ 3, - 30105+ 3y = 3005 + 35 - 3Gy + 3, + 35 1]

1
72

x [(3y + M), = m)HE, + mp)ildp - mp)ig * ma)t{dg - mg)l]

x}i}-1)v[vf(ig + j2 - 33 - v)!(j] - my - v)l(jz +m, - v)! (3.19)
v

. 0 s . "}
x (33 - 3yt my + ) - dy - my V)]

Here the integral index v assumes all values for which the factorial arguments are

not negative.

{a) Relation between 6(3]3233 ;m1m2m3) and‘6(313233;-m¥,wm2,»m3):

Inverting the signs of the m's changes only the denmominator in
the sum over v in (3.19) and changes it to
(s L Vis ) Y _ s L
\)-(J] 3, - 3 \)).(3} +m, \)).(32 m,, \))!(33 Jp = my # \))!(33 Jy +my # v)

If we introduce a chanae of variables

\)zj]+-j2"j3"\)‘
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this denominator becomes
(j]+j2'33* v {v") (53-j2+m1+ v') (jB_J‘}“m2+ v') (j‘]“m]" v') (‘}.2+m2_ e
Thus ‘ . .
Jp ¥ I3

C(3132339"“m] ;"mzs"‘ma) = ("1) C(3}32339m] 9m2am3)

(b) Relation between C(J13233;m]m2m3) and 6(323133;m2m1m3):
Interchanging the index pairs j1,mI and jz,mz causes only a change

in the denominator in the sum over v in (3.19) and changes it to
oy Cos Vi e ‘13 _ T Vs L4
VIt 3p- g VIHEpmmym Iy rmy - V)= 3y Emyd vy - dpmm ¥ v)!
which is exactly the denominator obtained when mys Mys Mg were replaced
by My My -y above. Hence

.. J1%3,-d9
C(.}Z\}]JBsmgm}mB) - ("-i) C(J]JzJB:m}mzmS)
(c) Relation between C(3]3233;m]m2m3) and C(313332;m},-m3,fm2)
Performing the replacements (jz,mz) > (j3,«m3) and (j3,m3)
1

-+ (jz,mmz), we change the (Zj3 + 1)% factor to (2j2 + 1)

and we change the denominator in the v summation in (3.19) to
\)!(j]+j3"j2‘\))!(j‘i“m]"\))!(ja'm3'\))g(j2‘j3+m]+\))!(j2"j1+m3+ \))

Introducing a change of variabies

v o= j1 - My -V
we obtain the denominator
(j]“m]"’ V!)!(jB”j2+m]+\)’)!(V)E.(33"j""m3*m~i+ \)')!(j]+j2—j3—v')(j2+n13-—m]- V[
Recognizing that -mp+my = -m, and that My =My = Mys this denominator is shown to

be identical to that in {3.19). Hence
Jp-m

1,
ey , : beps x5
C{3q35dp5mysmgs-my) = (1) [(25,+1)/(255+ 1) I3 30 55mmomy

From these three basic symmetry relations, others may be derived:
J,tm
2

e s . _ . 2 . . Lo o1 .
6(3332313 m39m2: m-i) ( 1) [(2J2 + })/)233 + -E):] C(Ji,}233,m}mzm3)
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1
3 - 3 . - ‘": - . 2 13 3 - .
C(333132,m3’ m]’mZ) ( ]) [(232 + ])/233 + })] C(J13233,m1m2m3)
C(5odadesmm,smynm, ) = 102 20025, + 1725, + 1)120(5,3,3 5mymom,)
Jgdgdyi-MysMqs iy Jy *ileds JydpdgiMyMaimss.

Symmetrized vector coupling coefficients have been defined by a number
of workers. These coefficients display a greater symmetiry than the C-

coefficients. We consider two examples:

Racah's V-Coefficients

j.,-m
o _ 373, s e i s . o o
V(J13233,m],m2,m3) = (-1) (23, + 1) C(J13233,m1,T2, m3)

which have symmetry relations

. Jqtiptis
V(J]JZJS;"mT’an’“mS) = ('1) V(3}3233§m?m2m3
. Jqtip-dg L
V(j,dydgsmymymy) = (-1) V(3 3,0 5mymms)
L Jqtiptig o,
V(J1J3J2;m}m3m2) = (“}) V(313233;m1m2m3
j1”32+j3

V(j3j231;m3m2m]) = (-1) V(333233;m1m2m3)

2j2

V(j33]32;m3m1m2) = (-1) V(j13233;m1m2m3}

2]
. e s L .l 3. s s .
V(32J3339m2m3m1) (-1} V(33,3 4mym,my
and orthogonality relations

Coa e C e sl _ . -1
EE: V(33,3 smysmy,-ma)V(y3,35myamys m) = 8y 5 (28 + 1)
m
1

E V(j1j2j;m},m2,~m3)V(j1§2j;m1’,mz';—m3) =8 v nSn
1Y T2 2

J

Wigner's 3j Symbols

3,353 o3, -m Lo
19293\ _ 17927 M3, . h e s i . x
(m mm ) = (1) (233 + 11770134353 33my 2 M- mg) et
1m2™3
Jotia-d
RPN AR S L I
(-1) V(313pd53mymyms)
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Note that the 3j-symbol is invariant under cyclic permutation of the
indices 1,2,3.

There are two useful properties of the C-coefficients which may be
deduced from the symmetry properties:
C(R122£3;000) = 0 unless &y + 2, # L, Ts even

[£1’22’£3 are orbital (i.e. integral) angular momenta].

and
(i 0j,3m,0m,) = &, . &

17Y37178 J1.33 m},m3

12. Evaluation of Clebsch-Gordan Coefficients

Rose derives a number of recurrence relations among the C-coefficients
at this point, but I have never found this very useful. Instead I find it
more instructive to consider two examples where the C-coefficients are
computed:

(a) Coupling of Two Spin 1/2 Angular Momenta

Consider two magnetically equivalent nuclear spins of 1/2 in a static

~ A A 03
field. The Hamiltonian is H = - (I1z + I ) + JI.!.I2 (in units of Hz}.
We have the uncoupled basis |I1Mi>lI2M2> w1th both I? and 12 equal to %,

and we wish to construct the functions | IM> which are eigenfunctions of

~

and IZ = I?z + 122.

5 3 .
1.+ 1.)°

(1y+ 1,

|IM> = Z (1 Ty T3My My M) 1My > T2
MMy
= Z C(i51 ',M.i ,M*M1 ) 11/2M1> |£5_Mz>
My

Clearly (Section 10), the largest I = 1 and
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ite. 11,15 = |%,%> k.5

We can obtain the other members of the set [IM> by applying the operator

I_ =1, + 1, to the function [11>:

1 111> = [1(141) - 1(1-1)1%10> = /Z{10>

-~ ~ ]
(I, * 12—)1%’% >0 = [B(%H1) - L(4-1)73 |, -3 [l + [hu> s -32)
= I%:"%>l%9%> + l%s%>1%&‘%>

-l
Thus |10> = (2) {14, -%> %% * PRSPRES
Now we apply I_ to [10>:

10> = [10141) - 0(0-1)11,-1> = V2[1,-1>

~

~ -1
(1, + I, 0(2) "k, - e 5,3 | %, - )

= (272) [, [
Hence (1,-1> = |%.-%>}%.-%>
Thus we have determined the set of coupled function [ TM>.

Now the value of 1 takes on all integral values between 1= = 0
and 5 + % = 1, so we must now determine the coupnled function j00>. We
krow that |00> must be a linear combination of 1%.%>]%,-%> and
', -%>|%.%> which is orthogonal to the coupled function [10>. 100> 1is

most easily determined by using the projection operator |00><00]. We

know that
1 = [Ms<I,M]
> | .
1,M
so that 10,0><0,0] = 1 - > |1M><1M]

M
Applying this projection operator to the uncoupled function

|4, %> |%,-%>, we obtain

10,05<0,0 5.3 [, = [t |5,
”%(‘%s%>l%a'%> + I%s'%>1%s%>)

= lﬁ( I 1/231’§>\}/23"§/2> - ]!“éa“!f?>ll's!§>)
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This is not normalized so we normalize it and obtain

%>}

|0,0> = (2)

el

3 1 1 1 1 1
{15,355 [k, -%> - |%,-%> %,

We have determined the C-coefficients:

]/29%290'1/25"1@90) = “C(I/aolfé9o;"t/z:;§a0) = (2)

In this basis set, the Hamiltonian operator has a diagonal matrix
representation with eigenvalues

E1,M = - Mvo + J/4

H

£0,M -33/4

The allowed transitions in an NMR experiment on this system are
|1,1> = [1,0>, |1,0> - [1,-1> and these both occur at frequency v,.
Hence two magnetically equivalent nuclei do not "split each other"

in the NMR spectrum.

(b) Coupling of Two Spin 1 Nuclei

We wish to construct the functions

[TM> = 3 COUTT5My M1y ) | 1Ly > [T, 0=
M
We know that the maximum value of I = I} + 12 = 2, and its minimum
value is T = [I; - I,] = 0, so we should find states with I = 0,1,2.
We start with
i2,2> = [1,1>11,1> ,

and apply E_ = f1* 1, to obtain
12,15 = (2)%]1,1>]1,0> + [1,05]1,1>}.
Applying 1_ to [21> gives

12,05 = (6) 2 [1,1>11,-1> + 2[1,05]1,0> + |1,-1>]1,1>}



-36-

In the same way

12,-1> =(2)72(]1,05[1,-1> + [1,-15]1,05)
and
|2,-2> = |1,-1>|1,-1>
To start the coupied|1,M> manifold, we use the projection operator
1. 15<1,1] = 1 -2, mecen] - ST IT.He<1, M) - [0,05<0,0]
M M#1

on the uncoupled function [11>]10>:

[1,1><1, 01 (11,15 ]7,0>) = [1,1>]1,0> - [2,1><2,1](]1,1>]1,0>)
= [112[10> - ]2,15(2) 5 <1,0]<1,0] + <1,00<1,1]}|1,1>]1,0>

=511,1>11,0> - %|1,0>(1,1>
The normalized function is

1,15 = (2Y75001 001,00 - 11,0517,1)

Appiying 5_ to this function, we obtain
11,05 = (2)72 1,15 ]1,-15 - [1,-1>]1,1>)
and

[T,-T> = (2)75011,05[1,-1> - [1,-15]1,05)

To obtain |0,0> we use the projection

~

10,0><0,0] = 1 —:E: [1,M5<I,M| - [2,05<2,0] - |1,05<1,0]
13170

on the funcion {1,1>|1,-1>:

10,0><0,00([1,1>]1,-1>) = [1,1>]1,-1> - ]2,0><2,0[([1,1>]1,-1>)

- 11,0><1,0](|1,1>{1,-1>)
-y -
11,1>]1,-1> - (6) %{2,0> - {2)7?]1,0>

HI

TO11,05 1,215 = ]1,05[1,05 + [1,-15]1,1>}
3

and the normalized coupled function is

10,05 = (3) 2 [1,15]7,-1> - [1,05]1,05+ [1,-15]1,1>]
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We have determined the C-coefficients

1
€{112;0,1,1) = (2) 72

c{112:1,1,2)

€(112:1,0,1)

L]

ot

C(11231,-1,0) = C(112;-1,1,0) = (6)
C(112;0,0,0) = 2/(6)7
C(11230,-1,-1) = €{112;-1,0,-1) = (2)7*
C(1125-1,-1,-2) = 1

C(11131,0,1) = -C(111:0,1,1) = (2)7*
C(111351,-1,0) = -C(1115-1,1,0) = (2)

wl
“3

C(111;000) = O

te

C{11130,-1,-1) = -C(1113-1,0,-1) = (2)°
C(11031,-1,0) = -€(11030,0,0) = €(110;-1,1,0) = (3)°

In many cases, it is easierto evaluate the C-coefficients explicitly
as we have done above rather than work them out with Racah's formula.
Tables of some of the frequently encountered C-coefficients are given

below: {from Abramowitz and Stegun, Handbook of Mathematical Functions)

Gihmmlii¥im) Table 27.9.1

i= my=3 m=—%
. i+ m+ 3% 1 tm4 34
JtH V ZF1 YV 5GiF1
- e mt R /ir+ﬂl+%
h—% ""—“—‘21-)._*_1 1

Notation:

(3132m1m2|31323m) = C(31j233m}m2)
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(j; I mymy U-; 1 jm) lele 27.’.2
[E S ‘Jﬁdimiimiﬁ Gi—m+ DGt mE1) ‘J'w%ﬂ%;gxﬂ
G+ D@ +2) @+ DG+ (251 + 1321+ 2)
i ...1/ it m)Gi—m+ 1) —_m fG=m Gt mET)
25,5+ 1) \/j,(j,-ﬁ-},) 20+ 1)
fi=—-1 1/&:2&&;:&&& o fG=m)GiFm) W mt 1) Gk m)
2:(2n+1) 2+ 1) 25:(25:+1)
Table 27.9.3 G % my my |51 %5 m)
J= mi=% ma=Y%
b % tm=-R8{GH+m+ ¥ 0 +m+%) “/3Ux+m+%)(j:+m+h)(j|-m+%)
27+ D (2542} (2,4 3) 27+ 1) (25, +2) (23,4 3)
; 30+t m—K)J, +m+ K G —m+¥) . [ i4mt%
+ LAIAN : —{ji—3m+} W I o Y
Itk 25(25,+ 1) {25+ 8) Gi—8m+3) 225+ 1) (25, + 3}
- 304 m o) (7)o A 34) () e m - 353 (1o S — ‘\/ Sr—m4 ¥
=¥ Gr=D @G D@12 Gt 3=V o T D @D
=% _‘/U»“m*%}(ju“m+%)fjs-m+5§) 3(j;+m=— 1) {Ji~ m~— 1) (5.~ m-+ 36)
25 (Zji— 12+ 1) 25:.(25— 1) (25, + 1)
j= my= 1} My ¥
ji+% 301"‘*"””4‘%)(3'1“”14‘ %)(jx‘“m"}‘%) (jl"'m"""%) Ul“m+%)(35”m‘§“‘%)
(274 1) (274 2) (27:+ 3) (27,4 1) (27, + 2) (27,4 3)
it o % V&2 +1)(25,+3) 241 (25,4 1) (2, 4+ 3}
PRy, ._(j,,_gm_%)\/ _ _jtmtH 3Gt m+ B Gt m+ ) (e m— %)
(2.~ 1) @i+ D{Z+D) (2~ 132/ + 1) (27,4 2)
G- _\/3(3'»+m—%)<jj+m+%)(ji—-m—%) Gtm= W GAmt B Gt mt %)
252~ 1)(2j1+ 1) 2.7';(2.7':—- I} {le‘i" b
Table 27.9.4 hi2mmiin2im
o my= 2 my== | =0
. \/(j.+m-»1)(j,+m}{j;+m+l)(j:+m+2) ‘/ﬁ.—m+2){jl+m+2m,+m+n(f.w) J3(j.—m+2)(j.—m+k)(j:+m+2){j.+m+l)
2 G I DGR+ Gt DG+ DL+ 3G+ i+ 1 214 B2k D vt 2
) TG Em NG mT | e Giam L G m) AGi—m+ Bt mt 1)
Jebl Gim z,.o,+:;o.+2'>"(21-+l) m G 2m 4 )\/2, G DG A DG+ NG NG D GED
: Bt m= DG+ m G- m+ Hli—m+2) 3Gi—m+ DGAm) ko 1615 3 ) N
i ‘\/U B B R e TG DG T8
. TR DG —m Gt DG=mt 2 e Byf G E DG B R
h-1 Gt 208—1):{.1.“)(2:.«1—1) = Ui+ ”\/u._n,.u,,+n(z,.+z) "V G- D@+ DGED
. ‘JU!"M—]}(JI"”M)(JI_M'}'IJ{JI"m'l'a) ,__J(Jl"'m“}'I}U|—m?0s‘”‘fﬂ'—‘l)0l+m"'l) .JS(J'.—M)_U:-wmm.I)U»-f-m'}(j&m—-i)
Ji—2 @i 52— D55 G+ 1) Gim 10025, 1 (G £} @~ 2T — D+ 1)
J myw— I g e 2
k2 _J(j.—m-i?){j.wmvl»l)(j.—m)(j,+m+2) _\/U.—m—i)(j.—-m)(j.—«m@1)U;—m+2)
» B DG+ D+ B0+ D Y D+ 2) B+ 5 G5 )
: : gs—‘ + 1 (j1—m) (j.—mml)(j;—m)(j.—m+i}(j.+m+2)
BV G Im Dy e \/ DG D@ T8
: 3(jy—m) Gt m4 1) G ~m—N{~mp+m+ D+ m+2)
» (@m+ ”1/(2;'.~— TR T \/ = 15 5,5 5 (25, + 3
- _ [ GEnT NGt m) G me DOt mE D miD
demd Gi—2m=1) (JWI)J:?2J|+U(—_—2JT+2) \/ - G- D3k DRt
i3 _.J(j.—m-l)b‘-!-m-#l)(.h+m)(3=+m—-!) Gt m~ DG FmiGAm+ DUt mt+2)
Gi— B 2R D0+ 1) G — 9 25— 2@+ 1)
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1V. Transformation Properties Under Rotations

13. Matrix Representations of the Rotation Operators

The functions |jm>, which we have discussed at length in the
previous sections, presuppose a definite choice of the axis of quantiza-
tion since |jm> is an eigenfunction of 32. It is necessary, particularly
in molecular spectroscopy, to consider angular momentum operators
referred to different coordinate systems, so it is essential to look
at the transformation properties of the functions |jm> under coordinate
rotations. These properties lead to a very important classifiaction of
the operators which represent interactions in quantum mechanics.

We are interested in determining the nature of the function
which results when the rotation operator ﬁ = exP(-iez.ﬁ) is applied

to the function [jm>:

Rl jm> = exp(wieﬁ.j)}jm>

First we recognize that 32 commutes with the rotation operator R:

[Sz,exp»18 NI= :E: (p1) -iB)P[az,(ﬁ.j)P]

Hence
J &Ijm> = aaztjm>
= §(3+1)R|m>
so the eigenvalue of 3 is unchanged by coordinate rotations and we

can confine our interest to the effects of rotations within a particular

= E : lim'><jm' [R|Im>
mi

One very simple example is the case where a rotation by angle a

j-manifold:

about the z-axis of quantization is made:

Rijm> =exp(-iad,)[jm> = exp(-ima)|jm>
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As we have seen in our considerations of orbital angular momentum, the
function |jm> is a function of the angles 6 and ¢ in spherical polar

coordinates:
[gm> = F (6)exp(ime)

A rotation of the coordinates by angle o about the z-axis changes ¢ to

¢-o in the new coordinate system and leaves 9 unchanged.

d)!
e 44

Hence

F. (e')exp(im¢})

R|jm> im
(e)explim{¢-a)]

i

ij

exp(-ima)|jm>

In general, the relationship between the function in the rotated
coordinates and the function in the original coordinates wiil be more
complicated since rotations about axes other than the axis of quantiza-
tion must be considered. We shall define a general rotation in terms
of the Euler anglés a,8,y which uniquely define the orientation of
the rotated frame (x'"',y"' ,z"') with respect to the original frame (X,y,2).

The transformation of the coordinate axis is defined as:

(i) a rotation about the z-axis by angle o in the right-handed sense

to give new coordinates (x',y',z') so that the z'' axis lies in the

x'-z' plane.

z,z!
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(ii) a rotation about the y'-axis by angle 8 in the right-handed
sense to give new coordinates (x'',y'',z'"') such that the

z".axis 1ies along the z'"'-axis.

zl

A AL

x!
xI|

(ii1) a rotation about the z"-axis by angle y in the right-handed
sense to give the coordinates (x'"',y" 2"} which represent

>

the final rotated coordinate system.
The rotation operator R is clearly the product of 3 operators:
R = exp(-i6n.J) = Ryn (VIR (BIR, (o)
eXP(-1YJZu)EXP(-1SJy.)exp(—1adz)

Note that the second and third rotations are with respect 1o rotated
axes not the original set of axes. It is more convenient to express
the rotation operator in terms of rotations about the axes in the
original (or final) coordinate system. To do this, we return to the
discussion of section 2 and consider the behaviour of the operator 6
under a unitary transformation G. Suppose that

lp> = ﬁi¢> and |y'> = a1¢'>
Then <¢|0]o'> = <U™'yp]oju™'y'>

e Ra Al

= <w|UOU?lw'>

Hence the transformed operator is
-~ - AAA+
Otransformed uoy

~ ~

Using this idea, Ry.(@) is the transform of R!(B) under the unitary
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H

transformation U exp(-iudz) = Rz(a) so that

~

exp(-1aJZ)Ry(8)exp(+1aJZ)

~ N

R, (0)R, (B)R, (a)

Ry(B)

Similarly Rzn(y) is the transform of RZ.(Y) under the unitary trans-

formation U = exp(»iBJy.) = Ry.(B) and

Ryalo) = Ryu(B)exp(-iad )R], (8)

= Ry ()R, (BIR] (0){R, ()R, (IRT ()R, (a)R (BIR (o) |
- R, (R (8)8, (R ()R, (@R (0)R (@)}

- R ()R (BIR, (1R} ()R] (a)

Hence the rotation operator R is given by

~

(R, (R (2R, (1RHERE () R, ()R (IR (@) {R, ()}

R_{¥)

R

H

13
]
—
Q
—
A3 >
——
0
—

o R = exp(-éaaz)exp{»isay)exp(—iyaz)

This implies that the rotation described by the Euler angles a,B,y can
be viewed as (i) a rotation by y about the z-axis followed by {(ii) a
rotation by 8 about the original y-axis followed by (191} a rotation
by o about the original z-axis. Note that the order of the rotations
taken about the original fixed set of axes is the reverse of the
order of rotations taken about the successive rotated sets of axes.

It may be shown that (an exercise for the reader!)

R

H

exp(-ian“.)exp(-iBJy”.)exp(-isz.”)

so that whether one choses to do all the rotations about the laboratory

axes (x,y,x) or the molecular axes(x“‘,y“',z“'), the order and direction

of the rotational steps is the same.
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We are now equipped to write down the matrix representation

of the general rotation operator:

~

Rijm> ==:£: [im'><jm' |R|{jm>
ml

- Y lineold) el
ml

where the Wigner rotation matrix 3(3) has elements

Hi

(3)
o 7’ [a]

*

<jm'}exp(—iaJZ)exp(-isdy)exp(—isz)]jm>

3

eXp(”im'“)<jm'iEXP(—iBJy)|3m>exp(-imY)

Hi

g :
exp{~im a)dm.’m[BJexp(~1my)

and the functions d%, m[B] are related to the Jacobi polynomials and

have the finite series expansion:
j 1
doy 81 = [(3#m)1(3-m) L (3+m )1 (J-m")1]"

(:1)v(cos%)23+m—mt-zv(-sin%)m‘-m+2v ( )
X 4.13
:E:: (Yt (G-m'=-v' ) (j+m-v) ! {m'-m+v)!

v

where the index v takes on all integer values for which the factional
arguments are non-negative. Rose derives the result in his Appendix IT,
but I shall bypass the derivation.

From (4.13), it is evident that

which follows directly from the unitary properties of exp(—iBJy):

~

U = exp{»1BJy}
TR exp{+iBJ;} = exp{+iBJy}

i.e. the inverse of a rotation by +B about the y-axis is simply a

rotation by -8 about the y-axis. Since
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U = (v
m',m = (U )m,m’ >
m .m [g] = m.m' [-8] ¢ e wakyle sl cﬂ)ﬂé-ﬁ'mﬁi )

where we have recognized that the d-matrices have only real eiements.

We note from (4.13) that

J - m'-m_j
die ql-81 = (-1) i L8]
and therefore ]
¢d 181 = (-1)™ "Mad, [8]

m,m' m',m
Now we consider the relationship between dim. _pLB1 and

dd, [g]: From {4.13), we recognize that

mo,m
d) (81 = dv. 8] Coprr A0
Hence we obtain
j = -~ ml"'mj - j
d-m"-m[B] (-1) dm,’m[gj dm,m'[B]
. m'-m_ J
= ('1) d-m,-m‘[B]

which describes the symmetry of the d-matrix about the diagonal and
antidiagonal. |
It is useful to look at the symmetry of the D-matrices as well:

We recognize that

R'1 = exp(+iydz)exp(+ide)exp(+iadz)

and hence

gt R jam> = 200) py g oa]

. iy - *
<im|Rljm'>

(3)*
Dm?,m[a,B,Y3

One can also recognize that

Déqz;[a,B,Y] = exp{+im'a)d ; [B]exp +imy)
= exp(+im'a,;{{-1 ) mdim.’_m[B]}9xp(+im’a)
- (- mplI) ICRRY
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The rotation matrices Q(J)[a,s,v} are related to the eigen-

functions of the symmetric top rigid rotor Hamltonian

A

Hm ﬁ/ZI )(1- Ht+Ll|t)+('ﬁ /21 )I-

| JKM> (2‘]”) -~ ) (LosBsy]

js an eigenfunction of H with eigenvalue 0ﬁ2/2IX)J(J+1)-#HF/ZIi#@/ZgJKZ

and is an eigenfunction of 32 (laboratory frame) with eigenvalue M and
of 3}.“ (motecular frame) with eigenvalue K. We shall look into this
further when we have constructed more of the apparatus of angular
momentum operators and rotations. The rotation matrices ?(j) can be
shown to form {2j+1)-dimensional irreducible representations of the
3-dimensional rotation group. For the present, we shall not get too

involved with the group thecoretic nature of the rotation problem.

14. The Clebsch-Gordan Series for the D-Matrices

Recall that

| jm> =:Z: g(j1jzj;m1,m~m1)1j1,m]>|j2,m»% >

My

and
[33my > 13 pmemy> = 2 Cl3qdpdimyameny) Lim>

J
If we apply a general rotation operator to the first of these

equations, we obtain

Z |3u>D Y {C(j1jzj"m1’m‘"‘1)U1“1>U2“2>
My M2 M .
(5.) (3
<0, bl
Byl Ho =iy

(arguments of all p-matrices are equal to @ = o,B,Y as above}.
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Now we use the inverse Clebsch-Gordan series to obtain

z: (J’)..}: R
|Ju>93-1m - {C(J]Jstm] ’mHm})C(JIJZJ sU]Uz)
H U},Uzagﬁsjl
{iy) (3,)

17,2 }

<13l Py e,

Since the functions |ju> are linearly independent, the coefficients of | ju> on both

sides of the equation must be equal and

(37) (3,)

(5) . o
D - Z C(JT}ZJ ,m.l LM m]) C(J}JZJ ,Ll-] oM DT)DuTm-{DU‘U] ,mwm}

{(4.26)

This is the inverse Clebsch-Gordan series for D-matrices.
Similarly, if we apply the general rotation operator to the

inverse Clebsch-Gordan series, we find

EE: ' _ (jl) (32)
]31“?>l32“2>vu1,m}puz,m—m

U" 3U2 ]

_ NN () P -
= ZIJL@PW C(373,35m, sm-iny )
HsJ
We use the C-G series to obtain

) SIPRTCLAC
[quy> 3up uym P,
11] 91—12
L . . S
= Z C(J]\}ZJ 3311 sHTHYy ) ‘J-l sU-E> 132 :U“U3>Bum C(J]\}ZJ >m-§ sm"m-i )
Usd st

and conclude from linear independence arguments that

(37) (3y)

S e g s )
R = D 0034353 3ug1p)C (433 5mym, )0 (4.25)

; bytugHmytm,

This is the Clebsch-Gordan series for D-matrices.
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14a. Relations Between D-matrices and Spherical Harmonics

The eigenfunctions of the orbital angular momentum operators
£2 and iz are often called the spherical harmonics and denoted
ng(8,¢). The function Yzm(9’¢) are just the functions |LM> which
we discussed in detail in Section 8 . Hence the spherical harmonics

transform under rotations as

~

RY (8.0) = Yon(e's0")
. (%)
=D Vo (82000, 70 [0]
mi
Consider the quantity

*
DI CIRUIRAPMCPRLIY
~ |

where (e},¢]) and (82,¢2) define the orientations of any two arbitrary

vectors in 3-D coordinates. If we apply a rotation to the coordinate

system
RT = D0V on(0]09)7,0(05505)
] :Z:% ﬁvgm(e1,¢1)g* iﬁygm(32’¢2)%
il

= Z Y’ngﬂ% s¢-E )Dlglfn)'%[gj *3 2( =¢’2) )[Q:}i

m,m1 ,mz
Now

(2 r -
)r; pl*)*1a1p( m[sz} - Ev ) oot Y 103 - s,
hence -
RI = v Bys97)Y (ez,¢2)

iy

and we conclude that I is invariant under rotations. This is not too unexpected
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since I represents a generalized scalar product which we anticipate as invariant.
One can evaluate 1 in any convenient coordinate system and we choose 8y~ 0
{first vector along z-axis), 92= 8 and ¢y = 0 (second vector in xz-plane with

angle 6 between the two vectors). Since

1
¢ ‘Sm,o(zzﬁ >

(0 ¢
2041\ 2
I = (W) YRO(B’O)

and we obtain the weli-known spherical harmonic addition theorem
%
(eo( )Zv 815013, (6,,0,) .
Yoo 20+] zm 1 ﬁm 2’72 L

The connection of this addition theorem to the P-matrices must now be

made. We recall from above that.

o1y = - ‘ (%)
Yoml8'se") E Yo (850007 ey
m: . . .

Now if we set y = 0 and recognize that the angles «,R simply define the orientation
of the rotated z-axis with respect to the original coordinate axes, and relabel

o,B as ¢],8], and relabel 8,¢ as 82,¢2, we obtain
by - (%)
Vo (8'50°) = va,m[q’“!’81’0]Y2m'(92’¢2)
mt

Then for the case ¢' = 0 (rotation LR such that the vector with orientation

Bs50, is rotated so that it lies in the xz-plane), and m = 0,
1 = (-Q)l'
Y o(6"50) Z UAYPARNIN 3 LY (RO
ml
Hence

(2) .
Dm*f}{"’i’ez’o]”(zm) pme (97207) *

This connection between the YRm and qgg) can be used to derive the relationship

between Yg,m and Yg,-m:
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_ {2 (e)* _ 2041
YQ,-m_(Qﬂ) —mO 1" ( )

m.*
1Y

One can use the connection between Wigner rotation matrices
and spherical harmonics to derive a Clebsch-Gordan series for the

spherical harmonics:

v L (21)* (22)*
Q]m1(e’¢)yizm2(e’®) = [ (22 +1)(2£2+‘E)]3/(47¥)Dm]0 [Qb’@’O]DmZO [¢,6,0]
= [(22,+1)(20,41) 1%/ (4n }E:oéﬁlm o[6,8,01C(1,2,83mm,)

X C(Q}QZR;OO)

_15
- S {ee ) (2ryen )/ Lantze) 1} v£,m1+m2(e,¢) (2q2p83mqmy)
Hoan T @n RITEYS SF‘;
x C ( »Ov Q; OO) d{ }\/\?m (g‘r{:\,x,p.‘ LT

E\OAJ A Oy Ok g Lot
This result must not be confused with the usual Clebsch-Gordan series
discussed in Chapter III which describes the coupling of two independ-
ent anqular momenta which have disjoint spaces. For this latter case,
NALSS NV IR LN rr(ér~3 LA

the correspondinag series would be

Ly
S, +lan. 1 =R ;\ - :,\,g_u;-.)"‘,

% ans ditens o,

Yi m (C.n}ﬂ%m {a,B) =2:!2m1*m2>6(2}£2£ meZ}
171 2 .

where the eigenfunction |2m1+m2> is a function of all four angles
z,nsa, and B, and is not a spherical harmonic at all.

The C-G coupling series for spherical harmonics can be used
for the evaluation of the multipole transition element which arises

in the spectroscopy of linear molecules:



-50-

*

<ogm Y, (6,0)[2;m j%fsmedeY (6.6)Y. _ (8,0)Y. _ (8,6)
3 3| %mz £3m3 Rzmz Q}m]

1
2041) (228 5+ :
- E.‘[( 102, )] C(R1£2£;m]m2)6(2122£;00)
am(2%+1)

£
f]' *
x Jdof sinedoy (6.0)Y,, (6.¢)
23m3 Qm]+m2

(221+1)(222+1)

4w(223+1)

e

H

CLy20q3mMy)L{2y2,24300) 6 o

My My,

(’!*‘K‘EMTV&C\.’L "..ﬁlﬂﬁ‘ ,,,\ I X, 4 N )

For the special case 2221, this matrix element is the familiar
Coanbovend  Aadaass dooway s =hy ol

electric transition dipole moment matrix element which is related

to the transition probability for the spectroscopic transition

|£ my> - 123 3> when an osciallating electric field (electro-

magnetic radiation)} is applied. In this case

<M 1Y, |£]m

3 17 @ 6(21123;m1m2)6(2]] 3,00)6

My Mg oMy tm

1 2

so that only transitions with iy = Riii (R~ and P-branches)

and m3=m1,m]i? are allowed. It is clear that the selection rules
are contained in the C-G coefficients which arise in the transition
moment matrix element. We shall see later that the corresponding

transition moment matrix element for non-linear molecules also

involves a product of C-G coefficients.

15. Determination of the D Rotation Matrices

In this section, we shall demonstrate the determination of
D(])[Q,Bgy] in two ways. The first involves only trigonometric
considerations, while the second approach begins with the determina-

tion of D(%)[a,ﬁ,y] and building up to form D(])[u,B,Y} with the
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-G series for Q»matrices.

The rotation matrix Q(}) can be determined by investigating
the transformation properties of any j=1 angular momentum eigen-
functions under rotations. We could, for example, follow the
2=1 spherical harmonics or a spinor with spin 1. We shall

investigate the £=1 spherical harmonics.

v1,(0,6) = ~(3/87) sin6exp(ie) = (3/81) %" V[ - (x+iy)/ V2]
Yio(8,6) = (3/4m) *coss - (3/47) % [ 2]
Y, ;(e,0) = (3/87) %sintexp(-i0) = (3/4m) % [(x-1y)//Z]

;ﬁ

The factor (3/4n)%/r is invariant under rotations, so that trans-

formation properties of the Y]m are completely determined by the
transformation properties of the Carestian coordinates x,y.z (or
linear combinations). We shall therefore follow the transformation
of the vector r = {x,y,z) as it is transformed by the general

S meoomm

rotation described by Fuler angles «,8,y into r = X 4Y .2 ).

Note that Ccmumal

-

¥i(es0) = (3/am) % 10y

and that e L W
Y}(é”,¢') = (3/4m)%r 'r .U
where
-1/v2 0 1/v2
g = -i/VZ 0 -i/V2
0 1 4

is the unitary transformation from Cartesian to spherical variables,
-
and Y1 = (Yﬁl’YXO’Y}-1)‘
we shall now construct the transformation matrix M which

- m

-
represents the transformation of r into r
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P o= vLoM{a,B,Y)
by recognizing that

Masg,v) = M, ()Mo (BN, {Y)

where Mv(g) is transformation matrix for a rotation of the co-
ordinates by angle r about the v-axis. Consider first the

rotation by o about the z-axis:
y
y! "““,.;XP

-

)
-~ S
-

yZH

The point P has coordinates (x,y,z) in the original frame, and
coordinates {(x',y',z') in the rotated frame. Geometrical con-

siderations show that

i

X xcoso + ysina
y' = -xsino + ycosa
t —_—
z' = 2 kf\
or \5%
(x',y',2") = (x,y,z) cosa ~sina O

sina cosa O

0 0 1
which is really the equation

Next we consider the rotation of the coordinates by angle §

above the y'-axis:
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x!
x“
uuuuuu _—.P
- - “
- - [ e
-1 P Y
[ Y
»
; ‘ z It
\
B |
1
1 i l z
ytovll

The point P has coordinates (x',y',z') in the first frame and

coordinates (x",y",z") in the second, and the coordinates are

related by:
x" = x'cosB-z'sing
yll - yl
z" = x'sinBtz'cosB
Hence
> >
1§ - I'M ,
r Fremy (8)
with
tosh 0 sing
Mo, = 0 1 0
. (8)
-sinp Q cosp

The final rotation about the z"-axis by angle y is handlied in
exactly the same way as the earlier rotation by o about the z-axis,

and one obtains

- -
y = ptaM n(’Y)
~Z
with
cCoOsY ~-siny 0
MZH(Y) = siny COSY 0
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of

> +
r to r

LLE]

is described by

)

ﬂ(a.BqY) = @Z(a) M

V’(B)MZH(Y

cosacosBcosy-sinasiny —cosacosBsiR@—sinucosY cosasing
sinacosdcosy¥cosasiny -sinacospBsiny+tcosacosy sinasing
-sinfcosy sinRsiny cosB
Now
v I 2 "-I_)'m !/2 "‘l"’
Y](e',¢ )= {3/4n) % ‘¥" U = (3/47m)*r rMU
) Y (o)
= Yple,e) ity
= Y1(83¢)D(1)
Hence
12(1) _ gfgg
-io f 1+cogp e»iy _e~7usin8 a(? -Cc0sSB
2 /2
} ; -1y _ .
3y _ sinB e COSR -sing Y
~ V2 V2
io (1-cosd .-iv o SinB o(1+cosg)eiy
e e e —_——
V2
2 2
f ~
‘ t
oY de wo
D b‘\()‘"‘!\ A}W
i tot Pan
VR . ' US\U\W
l\__//j L)_V“D \M«ﬂl&“\
. o )
i ¥
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Now we turn to building up Q(])[Q] from D(%)[Q],

rotation matrix for j = %. The eigenfunctions of the matrix

(:% j)
0 -3
are the two component spinors

| 28> =(1) and  |% -k '=(o) for which J 1% * %> = #3[% * .
0

representation of J,

The functions }xm> which diagonalize some other component Jk are
obtained with the rotation matrices. If |xm> diagonalizes the
matrix representation J, ., the function |ym> is related to the

original functions [%m'> by the transformation
:/
| ym> = S | %,m">7 (." [oBY].,

where the Euler angles take the original z-axis into the k-direction

of interest. We shall determine the |xm> by requiring that

~

Iy Ixodi> = x>

Since we already know the o- and v-dependence of v( )[Q] it is
sufficient here to consider only a rotation about the y-axis by
angle B i.e. to determine g(%)(ﬁ).

Much of the required information about Q(%)(B) can be inferred
From its unitarity and the fact that its determinant must be +1.

We define the general form as

g(”*)(s) = (A B)
c D

Since this matrix is unitary,
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(%) -1 A* cx
4 (8) (‘

B* D*
' . 2 Vi
() (%&)-1 |A1© + |B] AC* + BD* 1 0
andg (B)d () = 2 2 = )
A*C + B*D  |C|° + [D] 1
Hence [A1Z + 18|12 = ic|? + |D}% =1
2 2
A _ D* A DI
and = oe=—  OF - =
B C* 812 Icl?
2
Therefore [A|2 + |82 = 181%101%/1c1% + 1812 = [B1%(1c|%+1p]%)/)c)? =
2 _ 2 2 _ 2 .
and |B|° = |C|% so that |A|" = [D|". The most general form which
satisfies these conditions is
1 aexp (ig) bexp (in)
% (s) - (
bexp (iz) aexp (ix)

(1-a%)"

L1

with b
and % = -%; requires exp[i(g-n)] = -exs[i(k»z)]*
or expli(g+))] = -expli(n+zg)]

1
Recognizing that the determinant of d(z) must be +1, we obtain

det|g(%)| = AD-BC = a’exp [i(g+2)]-b%exp [i(n+z)] = 1

and (a24-b2)exp[i(£+k)] = 1 so that
exp(ig) = exp(-ix)
and exp(iz) = -exp(-in)

Thus we have the general form

(%) aexp (-ix) -bexp (-iz)
- ( )
bexp (izg) aexp {(ix)
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Now we consider B to be the rotation which takes the z-axis

onto the k-axis which is in the zx-plane:
z

—
K

X
Thus Jk = chosB + st1n8
with matrix representation
LcosR L5inR
9k=(
Lsing -3cosR

in the original |%,+%> basis. We now require

Qki)(si‘/? = Ahaix.ti>

cosB sinB aexp(-ir)  -bexp(-iz) aexp(~iX)
s1n8 -cosB bexp(ic) aexp(iX)} bexp(iz)

from which

aexp(-ir)cosg + bexp(iz)sing = aexp(-ix)
aexp(~ir)sing - bexp(iz)cosB = bexp(iz)
-bexp(~ic)cosB + aexp(ir)sing = bexp(-ig)
-bexp(-iz)singd - aexp(ix)cosp = ~aexp{ixr)

and from (:)

aexp(-ir)sing = bexp(iz)[1+cosB]
or b = aexp[-i{r+g)]sing / [1+coss].

Introducing the trigonometric functions for B/2:

2sin{g/2)cos(B/2)
2c052(8/2) -1

sing

cos8

—bexp(»izi)

aexp(ir)

OO
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we obtain

b = aexp[-i(r+z) Jsin(B/2)/cos(B/2)

This result (or its complex conjugate) is also obtained from

equations(:), (:) and (:)

We note that a and b are real and conclude that the phase
factor exp[-i(Ar+z)] must be real:

exp[-i(x+g)] = #1
and we choose the possibility with + sign, and choose the arbitrary

phase angle A (and hence r) to be zero so that

a -b
4% [e] = )
b a

with b = T-az and b = asin{B/2)/cos(B/2)
Hence

1 - al = azsinz( %)/CDSZ(B/Z)
and a2 = c0528/2

or a = +cos{B/2)

We choose the + sign here and have

a = cosg/2 b = sing/2

Furthermore the arbitrary phase factor exp(in) = exp(ir) is taken

to be unity so that

g(l/z)(B) = (cosB/Z wsine/z)
sink/2 cosB/2

1 :
We now have devised the matrix g(z)(g), from which we obtain

D(»)[ ] (exp(-ia/a)cos(B/Z)exp(-iylz) wexp(-ia/Z)sin(B/Z)exp(ﬁy/Z))
2/ TaRpy] = .
- exp(+1a/?)sin(8/2)exp(-iy/z) exp(+ia/a:05(B/z)exp(,{,.iy/z)
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The matrix element 95;)[Q] is given by the inverse Clebsch-Gordan series:

E D UZ'L)J R C(La}/a] ;U]U”B})C(I/Z’/z};m] ’m'm})
iipm } 'l
or
1 (1) - 3
dim)[B] = E du:%][ﬁjdéfﬂl’m_m][ej C2aT 5y 3 -1y)
Ky oM
14
X C(%%];m1,m-m}1
From the table of C-G coefficients (pg. 37),
C(el s¥eamits) = [(14m)/2]7
so that
(1) (%) (%) 11 1.1 »11
d]} [g] = d%% [61%45 [RIC(2:) 15 ) C (3241 335)
= c0528/2 = (1+cosB)/2
LY
(1rey = ol D1e10'y)

}
2

gttt
ity

1
rd,, 83007 B0 (1 33 C Ol 00%)

= 2cos(8/2)sin(B/2)(1)(1/V/2) = sinB/V2Z

1
aNe1 = o8 a1 A Te1c00at s c ) 32)

21 ’
= san(B/Z) (1-cosB)/2
) 5,
a{1)1e - déz)[e3dfgf NOLCARPEALEARES

2
¢ 012, 16380, [610(0 1-32, ) 0231 5030 sa )
2

-2

2c0s2(8/2)(1/78)2 + 2[-sinZ(8/2))(1/ V)

13

cosf
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Thus
A+ cosg)/2 -sing/vV2Z (1-cosB)/2
g(t)[gj = sinB/ V2 cosB -sinp/v2
(1-cosp)/2 sing/v2 | (1+cosB)/2

just as we found previously (pg. 54) by considering the transformation

properties of the Cartesian coordinate axes.

16. Orthogonality of the D-Matrices and Integrals of Products of
D-Matrices

Since the P-matrices are unitary.,

(§)* (3) B}
Zﬂm.,m[ﬂlvmﬂ,mm] = Spe,mt
m
and () (3)
:E::Dmfm'[ﬂjpm{m“tgj = Omtum
m

Now let us show the orthogonality of the D-matrices in a very dif-
ferent sense by considering the integra!

o (5,07 {3y

K(J]Jz,u}uzgm]mz) i/~dﬂpp1m} [Q]Dyzmz{ﬂ]

where 2n

i 2mn
fds’z = f dafsinedt?:[dy
0

4] 0

First we recognize that
(i,)" am, (3)
a HymMy M

0, 1917 (D0 [9]

and use the inverse C-G series for the D-matrices to write

u ”m . ) . . .
K(3qdpsmqupimmy) = (-1) ! 12 ; 6(31323;*u],uz)c(slazs;*m},mz)

J
x | qaptd) (o]
f UZ*U]-mZ"‘m-l

Note that



w61~

(H

fdm)uz-u],m -, [9] fda exp [~i(u,- u])a]fsmf?»dBd; Spgam, m}[B]
Xj dY EXD['i(mz'm1)Y]
(W]

kil

2 : J
= {27)°8 8 fswanBd [8]
LR m].mz J 00

The d%o[s] are just the Legendre polynomials Pjrcossi which are

orthogonal so the only non-vanishing integral occurs for j=0. Hence

=My 2
K(J}stli]UZsm ) (“T) B¢

§
HysHp My

X C(j'}\}zo;’U]aU'l)C(j-!jzo;*m],m1)
We recall the symmetry relation
: J 1Y +1 :
3(31320;'%11,11]) = ! 0) 31032;-1}1’0)
232+T

and the value

C(5105,3-u750) = 8

31,32

so that
- MMy 2 17 .
K(J1329U1u29m1m2) - (‘]) 8m U‘}s‘iiz m] ,mz("']) (232+1) 631,32
Jatm
IR M PR
x (-1) (23, ) 631’32
= 8n /ZJ +13}6.

3'1932 U] 3312 2
Thus the D-matrix elements form a complete orthogonal set of functions with

orthogonality relation
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dszv(j‘)[ ]v(jz)[ ] = 819/ (25,41)6, 6 5
5 Q) = 6% J-t R
mymy = g Ty sdp Mysmy iy oHg

It is useful to consider the transition moment integral

(1 ) (J ) {J )
f dszv e [sz]v [sz]v [sz]

it

Z[dﬁv 3,m [SBJD +‘u2,m1+m (0] C(33d,35myu,) Cl3,3535m0m))

I

82/ (23541)C(313 53550y sbpobig) CLqdpysimy smysms)

This integral arises in the intensities of spectroscopic transitions for poly-
atomic symmetric top molecules where the intensity of a transition from state
|J]K1 1> to state |J3 3M3> induced by the generalized direction cosine element

(3,)
D

zk[Q} is proportional to

(3,)
<K M3 10, F L1190, Ky >

il

1 (3,0 ()
(204 +1) 2(20,+1)%/ (8 )fdQD K [sz]vm 2o,y -k, [a]

By s
[(29,+1)/(205+1)] C(J,35933-Ky 5k, ~K3)C(Jq3,053- My oms=My)

Hence we have the selection rules K3 = Kl'k’ M3 = M1~m, A(J}JZJ3)‘ For electric

dipole transitions j2 = 1 and k, m take on values -1,0,+1 so our selection rules

are
J3 = J]—1, J], J]+1 (P, Q, R branches)
Ky = Kys Ky 1
My = My, Myt

with randomly polarized incident radiation. Note that the index k refers to the

direction of the dipole in the molecular coordinate system. In pure rotational
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spectroscopy, the dipole of interest is the permanent dipole moment of the
molecule and must be directed along the molecular z-axis. Hence k = 0 and the
selection rules for pure rotational absorption are governed by C(J]3J3;-K],C,-K3)
which reguires K3 = K] and, for absorption,J3 = J]+1. In rotation-vibration
spectroscopy, the vibrating dipole moment may be along the molecular z-axis
(parallel bands) or perpendicular to the z-axis (perpendicular bands}. Paraliel
bands are therefore governed by a K3 = K] selection rule and perpendicular bands

by K3 = K1 + 1. In both cases P, Q, R branches occur.

V. Irreducible Tensors

17. Definition of Irreducible Tensor Operators

The subject of irreducible tensor operators is very important
in the applications of angular momentum theory and was first intro-
duced by Racah and by Wigner. A tensor is defined by its tranfor-
mation properties under rotations of the coordinate system. The
more familiar Cartesian tensors are not suitable here because they
usually appear in reducible form. For example, the general second

rank Cartesian tensor

A A A
XX Xy XZ

A A
A= Ayx yy yz
Azx Azy Azz

can be reduced into three irreducible parts:

T:(Axx+A +A)

Yy zz
(rank zero tensor),

%(Ayz - Azy)

1
3
which is a scalar

Al = 15(Azx B sz)
A, - AL

Xy yx
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which is an antisymmetric tensor of rank one, and

Agx ~ T %(Axy * Ayx) %(sz * Azx)
= i -
S 2(Axy ¥ Ayx) Ayy T Lz(‘ﬂ‘yz * Azy)
A, * Azx) %(Ayz * Azy) Arz - T

which is a symmetric tensor of second rank. We can write

Aij =T+ A K + S

id
where ijk is a cyclic permutation of x, y, Z. It turns out that
-+
T, A' and § transform under rotations like spherical harmonics of
orders 0, 1 and 2 respectively, but this representation is not
] i ]
very useful because the components {A_, Ay, Az}, {S, s Sxy’ Sy Syy,

s } do not correspond to definite projection quantum numbers m

Syz’ 22

and their transformation rules under rotations are rather awkward.
For example, x, ¥y, and z are the components of an irreducible tensor
of first rank, but the transformation Jaw for the general rotation
is very complicated. On the other hand, the linear combinations
~(x+iy)/vZ, z, (x-1iy)/Y/Z are proportional to the first order
spherical harmonics Y1m(e,¢)[m = +1,0,-1 respectively] and the

transformation law is simply

[-(x" +iy™ )/VZ, z,(x" -iy" }/V2] = [-(x+1iy)/VZ,z,(x~ iy)//?]Dm[Q}

It is therefore more convenient to discuss irreducible tensors in the
spherical coordinate representation. Such tensors are usually
called irreducible spherical tensors.

An irreducible tensor of rank L will be defined as a set of
2L + 1 operators T (M= -L. -L¥1.===.L-T.L) which transform
under the (2L + 1)-dimensional representation of the rotation

group
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-1 - T (L)
i RS z : Ty Oy b
Mt

RT

where ﬁ is the rotation operator for Euler angles Q. This
definition of spherical tensor operators sihp]y c1assifieslthem
as operators which transform like the spherical harmonics. In
this definition, the linear combinations -(Vx+'ivy)//?, vV,
(VX -ivy)/J? of the Cartesian components V . Vy’ v, of any vector
? transform 1ike the first order spherical harmonics and are
therefore a set of irreducible tensor operators of rank 1.

The algebra of spherical tensors has analogies to the algebra
of Cartesian tensors, and some of the ideas may be clearest if
the Cartesian tensors are studied first. Suppose that we define

a Cartesian tensor T by the transformation law

k... 7 2 353835m¥kn " amn. ..

gmn. . .

where a5 is the ij-th element of an orthogonal 3 x 3 matrix

which describes the rotation of the coordinate axes, and T' means
the components in the rotated coordinate system. The rank of

the tensor T is the number of subscripts ijk... needed to uniquely

specify the components. The sum of two tensors of a given rank

is another tensor of the same rank. For example

Tose ' Ui 7 Vigk

for a third rank tensor. A Cartesian tensor can always be written
as the sum of tensors which are symmetric and antisymmetric with

respect to the interchange of a particular pair of indices:

The product of two tensors ijs a tensor whose rank is the sum
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of their ranks. For example

Wiskem = Tijkoem

The final property of Cartesian tensors which we wish to discuss
js the idea of a contraction. The rank of a tensor may be reduced
by two units by equating a particular pair of indices and summing
over all possible values of this index. For example, supbose

that the second rank tensor T is constructed as a product of two

first rank tensors U and V, then

Tij = Uivj

The contraction of T results in the scalar {rank zero tensor)
t’::i:: Ti ’:E::“ivi
i i
- >

which we recognize as the scalar product of vectors U and V. In

general, one may form contractions of a third order tensor in

:E: T3 ’:2 : Tiz9 2 : Ti33
i J

i

3 ways:

Now let us consider the addition, multiplication and contraction
of spherical tensors., Let TL1MT(A1) and TLZMZ(AZ) be two spherical
tensors of ranks L} and L2' The symbols A} and A2 represent all the
other variables, besides M] or MZ’ upon which the tensor depends,The
addition of two spherical tensors of the same rank L is another
tensor TLM(Al) + TLM(AZ) just as one finds for Cartesian tensors.
This follows directly from the linearity of the rotational trans-

formation.
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Multiplication and contraction of spherical tensors are
somewhat different than for cartesian tensors: The tensor formed

(A}) TL M (AZ) transforms under

by the product of the components TL
22

1
rotations as

(A, VI (AR
™M LMy 2

= {r1 o =
- {RTL1M1(A )R( }{RT Lt (AZ)R( })
z TL M-(A )DM M EQJTL M,(A )DM i, n

] 1
M}Pb

MMy

X C(L1L2L My M. )C(L1L2L;M1M2)

and is seen to be reducible into a number of irreducible spherical

tensors of rank L with L= 1L]-L2l, IL1-L2! +1,..., Ly *L, since

L1 ,L must satisfy the triangle condition discussed on pg. 29.
The rank L of the irreducible tensor TLM(Al’A } obtained from the product

of TL M (A]) and TL " (A ) must be a linear combination of simple

1 2 a
products of the type L}M](A ) TLZ,M Ml(AZ). The form of the
above equation suggests that we investigate the linear combination

(AR = :z:: T (8 )TLZ e, () Lk 4 1)

1
to see if it does transform as 2 spherical tensor of rank L.

ﬁﬁLMé\-.! =Z AL M:(A )TL M!(A )z a M[Q]

My oMy oM
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Recognizing that (see pg. 26)

E C(L]LZL ;M},M M )C(L L L M1,M-M1) = 6L',L s

M
we have
RW, (R = T T ! 1
R R = z : IRTICRRNTICE L) C(LyL,L3M M)
Ma M
1072
(L)
x D [al
My + Mau M
= E { I LI LY (L Lol MY - Mi)}
. wd =171 Lo
M ¥
(L)
DM‘,M[Ql

- ' (L)
D (A )0 )
Mi
Hence the linear combination WLM defined above is indeed a spherical

tensor of rank L.

It is clear that the multiplication law

~

1

explicitly contains contractions of the product of two spherical
tensors, If L1= Lz, it is possible to construct an invariant (a

tensor of rank zero which 55 invariant to rotations).
ToolAy»hp) = }E:TL w, AT _M](AZ)C(L]L]O;M},-MT)

Since
Ly-My
17t I
= (‘]) (2L1 + 1)23

wlg

2C(L]OL-I;M-E,O)

(see pgs. 31-32)
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A L M
= - "l -1/2 ']A ~
ToplAyAp) = (1) T(2Ly+1) z k-?) TLTM](A1)TL1,~M1(A2),
My )
-Y
Ignoring the constant factor (-1) 1(2L14-}) i, we have an invariant

P -1 ()T Ay
i

and this is often referred to as the scalar product of two tensors.
The Cartesian analog of these invariants are
I = E v v
- ijk... ijk...
iik...
where the * represents complex conjugation. This complex conjugate
feature arises because

~ %k

_ Ma
Tooom = G0y

Vector operators ~ Tensors of Rank 1

In classical mechanics, one is continually dealing with vectors
- the position vector ?, the angular momentum vector L, the force
vector ?, the gradient vector 6, etc. These classical vectors become
vector operators in a quantum mechanical description. The classical
vectors and the corresponding vector operators transform under

rotations of the coordinate system as

(Vs Ul V3) = (Vs Vs V) Moo My Mz
Myx Myy Myz
MZX sz MZZ

where M is the unitary matrix for the general rotation of coordinates
by Euler angles a,B,.Y (see pg. 54 for explicit expressions for fhe
elements of @). Any collection of 3 operators (Bx, ay, 62) which
transform under rotations like the vector V above is called a vector

operator. As we have seen (pg. 54), the transformation matrix M



-70-

is a complicated function of the angles o,8,8, but the transformation
matrix g(])[a,e,y] for the spherical components w(Vx*-Vy)//?,

V,» (VX— ivy)/v§ has elements which are nroducts of simple

functions of o, B, and §. It is therefore useful, and convenient,

to use the spherical components of vector operators. In the jargon

of tensors, the spherical component BM, of a vector operator form

an irreducible spherical tensor of rank 1 since the tensor components

~

OM transfbrm under rotations according to
ROR™ Z MM N RS

In the previous section, products of two tensor operators were
considered, and a rule for the decomposition of the general product
into irreducible tensors of various ranks was devised. It is very
useful to consider some examples of tensor products in some detail

so that these ideas are made clear,

Example 1. Product of v and V.

Consider the vector operators

e (x, ¥» Z) (the Cartesian position vector operator)

and

=4
H
l

;L, g%, g%) (the Cartesian gradient operator)

~ o~

- -
We wish to construct the product tensor operator VCD»J and

n
: . o : : > >
investigate 1its irreducible components. First we convert V and W

into spherical components

Fal
-+

Vo= [-{x+iy)/vV2, 2, (x-iy)/v2)]
and A
W 2 e i) L G o))

N

and recall that one can construct a spherical tensor operator TLM of



rank L from tensor operators TL

Tiwm

71~

and T

by
M LysM,

]

DRI TLE,M~M1 ClLyLoLsMy M-ty M)

™
M,

For our case

EE:VM g COITLSMY M-My M)
1 1
M

and the C-G coefficients vanish except for L = 0,1,2.

L = 0 Case
Too :ji: VM]N_M}C(Elo;M1,-M1,O)
M
= V]wuj(]/J§) + VONO(-1//§) + v_1w1(1//§)
- LI -2) 12+ () (1 LNl 12912 {173
o9x oy ‘vaz X
= - B I
§ '(Xax*'yay*'zaz)’/g
= -(1/J§)G-ﬁ (the familiar scalar product of two vectors)
I = 1 Case
Tiy = EE: VM}WM_M]C(111;M1,M~M},M)
M
Tyq = ViWpC(i113101) + VoM, C(1115011)
= [-(x+iy)/V2]l53 ][1//_1 + [z][- (——+1~—~—)//2][ 1/v2]
= (%)[-XjL + Zg%-¥y§g + 12%%
= (% HL +1L] =4h@L
T10 = V1W c{(111:1,-1 0) + VONOC(T11 0600) + V 1 1 c(111;-1,1,0}

"

[-(x + ?y)//?]ﬂ—~ - 1-'-")/\/’2][ 1/v2] + [2ll5; T[O]

M (x-iy) /VEI- (35 + 13 )/V21[-1/VZ)



72~

(1/V2) [-iysx + ixgy

H

ﬁ-(l//Z)Lz= *1/J¥LO

i

VoW_C(11150,-1,-1) + v_}wocnn;-uo,-n

]

(21002 - 12 VEIZ] + Llx-iy)/ V2] 7)1/ /2]

3 ) L3 s B
(%)[Zax“ X3z ¥ W5z 123y

CaliLy, - L3 = -0/

&}

i

Hence the first rank tensor from the product of ¥ and V is just

the angular momentum vector operator in spherical component form.

L = 2 Case

T, = VyH c(112:112)
o [-(x+ iy)/v2ll- (4 igy) V210
= (’fa)[x-f;g-yaa—y + oAy ix%

T,y = Uqgc(112;101) + VW, C(1123011)
[ (x i) VZIIEI0/VED ¢ L)L (G ¢ gy /20 V2]
= (%)E-xga;- 25%; - iy—%- iz-—a%;—]

Top = Vg C(11251,-1,0) + Vg C(1125000) + V0, C(1125-110)
- [-(x+ iy V2L - 1%)//?][1/./‘6‘1 + [21[5102//8)

b L= iy)/VZIE- (2 + igy)/ Y2101/ V6]

< (exd -y ¥ 2255/ /6

T, g * Vgh_1€(11250,-1,-1) + U W C(1123-1,0,-1)
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(2100 - 2 //2101//2] + [{x- iy) /21151017 /2]

it

2,2 Ryl
() L2y * x57 %%y iy35]

-t >

= VW C(N235-1,-1,-2)
[(x- iy)/V2ll(g - igy)//2I0]

2,-2

H

3 FE R i
G x5y -ygy - %5y ~ iy3xd

+

This second rank tensor does not correspond to anvthing which

we commonly encounter in quantum mechanics.

Example 2. .The Product of 1 and g

-~

Consider the spin angular momentum vector operators ? and $ for
two distinct particles (e.g. a nucleus and an electron). We wish
to invest1gate the irreducible tensor operators generated from the
product I (D S. As in example 1, we have two rank 1 spherical

tensors with components

~ ~

[11, ID’ I_]] = [—(IX + iIv)//?. Iz. (IX- ilv)//?]
and
[51’50’5-13 = [“(Sx+ 1Sy)//?, Sz’ (Sx- 1Sy)//?]

There are spherical tensors TL of rank L = 0, 1, and 2 as before.

I = 0 Case

i

115“15(110;1,-1,0) + IOSOC(llO;OOO) + 1“151 C(110;-110)

Fad

180 = valE,S, ¢ (S ¢ 18,0

~

(1//3)11;5_q-145

L

0~ 0 +7 -

-(1//”)T 5

As before TDO is proportional to the scalar product of the vectors.
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Case

#t

The L

~

0C(T11 101) + I S C(]]? 011)

1
§_1C(11131,-1,0) + 1,S,C(111:000) + I_15,C(1113-1,1,0)

00
Sy = 1.480)//2

it

C01150,21,-1) + 1_48,C(1175-1,0,-1)

051719500/ Y2

1 tensor operators are not commonly encountered in magnetic

"

resonance.

Case

-y

22

-t
i

21

~>
1€

20

As we

which

I]S}C(372;112) = 1,5, = 1,5,/2

1

S C(112;101) + foglcmz;on)

w—t
[ %]
<

c{112; OOO) + 1 1 ]C(112'—!10)

, 1.8
3 (1+§_ +1.5,)/21/7%
§. 1S 1.5, - (1-5)1//%

1
L I

0 _1cmz;o “1,-1) + 1_45,0(1125-1,0,-1)
(1554 + 145 So)/VZ = (1,5 +1.5))/2

1>

_] 6(112,"] "] "2) = I ]S -‘ = I_S—/z

chall see in the next example, these operators are the ones

occur in the dipolar interaction between spin I and spin S.
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>
>

>
gxample 3. The Maanetic Dipolar Interaction Between 1 and S.

e b o o m]e - e =rwe e

Y

3
The dipolar interaction between the magnetic moment ylﬁl and the

magnetic moment ¥y £ s given by {Slichter chapter 3).
S

AN

= Yﬂs‘ﬁzﬁ'g)”?s - 3Y1Y§“2(T'?Is)(g'?xs)/r?s

~

Had

whema?ls ic the vector fromthenucleus I to the nucleus S,

et us 1ook at the basic interaction as

A= (1-3) - 317 o/r g) (BF g/ rys)
From the figure above,
rIS/rIS = (sinBcos¢, singsind, c0sb)
Hence

H' = (1.3) - 3[fxsin¢cos¢ + Eysineéin¢ + Ezcose]

X [stinecosm + Sysinesiné + Szcose]

~oa ., 2 i e L 2. . 2 c e 2
IxSx(1-351n gcos o) + IVSV(1-3s1n gsin ¢)-+IZSZ(1-3COS 6}
2

i

-3(IxSy + Iysx)(s1n gsindcose)
iB(IxSZ + IZSX)(s1necosecos¢)

-3(IySZ + Izsy)(s1necoseszn¢)



-l 0=
5

5
Introducing the spherical tensor components of I and S

IX = ("I+'1 + I_'E)/\/? Sx = (“S+-l + S""E)/‘/—E
T, = (I * 14)/V2 S, = (5,9 * 541/12
Iz il I0 sz - SO

o= (%)(¥+}§+} fﬂ1§_1 - f+1§“1 - f”1§+])(3-355n28c052¢)
S0 (1 fﬂ + ’1\_1’5\,“_1 + fﬂg_l + §“1§”)(1-351n2831’n2¢)
f § (3 3c0528)
-31(—2 ]§+1 + I_]g 1)(smzesmcbcoscb)
-(3//—)(-A gO + Ewigo EO§+1 + 103_1)(sin8cosecos¢)
-{33/v2)( I 1AO + 1 1§0 + foh+1 + f0§_1)(sinecosesin®)
= 1+1 +][ (3/2)51n28( 052¢ sin ¢) + 3isin28(sin cosd) ]

+(I S+ 1 S+1)[(3//?)szn8cosecos¢ (31//“)s1necos@swn¢]

+170
+(I+1S_T + 1 1 +1)[ 1+(3/2)sin 8] + I 50[1 -3cos 6]
+(f0§m3 + 1 1 0)[ (3//2)sinBcosécos¢ - (3i//2)sinbcosdsing]
§ 1[ (3/2)s1n28(c052¢-51n2¢) - 3isin28(sin¢cos¢)]

= §+] +][ (3/2)sxn28exp( 2i1¢)]

+1SO + IOS )[(3//—)s1n@coseexp(~1¢)]

221 S0+ 1,5, 0- 3c0526)]
[ (3//7)sanecoseexp(+1¢)]

L (3/2 s1n28exp(+21¢)]
2’2[-(3/2)s1n286xp(-21¢)}
+T2,1[3sinecoseexp(»i¢)]

T, o[(/B/2)(1-3c0s%0)]

T ][—3sinecoseexp(+i¢)]

2 -
+7, _,[-(3/2)sin%0exp(+210)]
where the YZM are the components of the second rank spherical tensor

obtained from the product of T and S in Example 2 above.
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We note that {see pg. 21-22) that the coefficients of %2M

~

~

in H' are proportional to the second order spherical harmonics:
v, ,(6.8) = (15/327)%sin%6exp(+216)
Yo ](8,¢) = -(15/8n)%sinecoseexp(+i¢)
L 2
Y2,0(6,¢) = (5/167)%(3cos"6-1)
1
Y, 1(8:9) = (15/8m) %sinocosdexp(-i¢)
v, ,(8.8) = (15/327) %sin?6exp(-2i¢)
Hence
B

M

Note that this corresponds to a scalar (a spherical ten

v

L0 - T -
S(280/8) 50T, LYo, 27 T2 12,1 * T2,0%2,07T2,4
(247/5) (-1, w¥o, oM

sor of rank zero)

Y

2,1

+

Ty _o¥2,2]

which

js obtained from the product of the second rank tensors T and Y.

This reflects the invariance of the dipolar interaction under

rotations of the coordinate system.

Finally we write

Hyg = (24n/5) 5y pretfles) D (ST (15)¥p _yy(0:0)
M

where the second rank tensor T(IS) has components

~

T

(1s) = 1

2,2 +174+1
T, q(18) = (1,50 * 1,5,9)/72
T, olI8) = (15,3 + 21gSq * 1y
T, (18) = (1551 + 1.450)/72
T, ,(IS) = I_4S

2,-2
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18. Racah's Definition of Irreducible Tensor Operators

Racah has defined an irreducible tensor of rank L to be s

~

set of operators T,y (M = -L, -1#1, ..., L) which satisfy the

commutator relations

”~ ~ 1/‘ ~
[d,s TLM3 = {L(L+ 1) - M(MM)}2 TL’M+1
~ ~ 1’ ~
[, T = {uweny - oY
[o,s Tymd = MTpu

We must now show that this definition is consistent with the
previous definition which required the TLM to have certain
transformation properties under rotations:
RT RV = T )[a v ] ' (5.2)
LM LMI 5 3 .
Mi
Firet let us investigate the case of an infinitesimal rotat1on by

angle 66 about the z-axis. The rxght hand side of (5.2) will be

~ A_-E . ~ ~ . ~
RT yR7 = exp(-1680,)T  yexp(i887;)

e]

(1 w\ﬁGJ )TLM(1*-168J )

= Tim- ‘ﬁe[J LM]

JAEANN
and the left hand side will be

:§ :’ (L ) EE - oM

M M
T, (1 - 166M)

i

LM

it

TLM’ 168MTLM

Hence [J, TLM] = MT, y 8s Racah's definition rgqu1res.

Now we consider a rotation by &8 about the y-axis:
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SR B RN -
RTLMR = exp(-168Jy)TLMexp(1aedy)
and
E % (L [0 86,0] = E T <LM'!exp(—1663 Y ILM>
LM LM! y
M M

=3 Ty <Lt (1 - 560, LM

A

r-—Z? {6 - 188<LM" |J |LM>}
LM MM y

Ml

=T, —1692TLM,<LM‘|J |LM>
Hence

[J Y TLM] ZT M.<LM ILM>

To perform an 1nf1n1tes1ma1 rotation about the x-axis, we
rotate by -v/2 about the z-axis, rotate by &6 about the new
y-axis (identical to the old x-axis), then rotate by +m/2 about
the z-axis. Hence

-
b

]

RT exp(-idedx)TLMexp(idedx)

~

Tim- iseld, LR

n

and

M

- Z T,y exp(+iM'n/2) <Lt iexp(wiéesy) | LM>exp(-iMn/2)
Mi
SN Tt |1-1600, |LLexp(in/2) T
L y
Ml
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t

T : . (MM
3 Ty (e - Fa8L 19, L) ()
MI

H

~ . ~ . MQ-M , ~
T - 160 ZTLM'(‘) <LM' |3 |LM>
MI

so that

~ _ ~ L M|_M .
M!
Therefore

~ R ~ _ . MQ“M . ‘ ~

> T4 SIS }{(21)'1 [[(L(Lﬂ) LU
M i
- [+t - M(M-1)32‘5M',r.1-1]£
and
[3x+13y, %LM]"TL,M+1 %L(L+]) ) M(M+1)§ :

1
3

=19, Tiw? = Tem-1 duw+1 - M(M»Hi

exactly as the Racah definition requires.
A familiar example of a setl of tensor operators which satisfy
these commutator relations is the set of spherical components of

the angular momentum operators themselves:

oy = ~Lo, 10 1/V2 = -0,/ 72

JG - Jz
J_} +Jx- in]//? = +J”//?

Recall that the angular momentum operators satisfy the commutator

relations

[32, J 7 = 13 and [3+, 3 ] = 23
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We note that

[3,,9,41= [3,5=0,/¥2) = 0 = 11+ 1) =10 £ 1)1,

~ ~ ~

[J+’J0] =[J+’JZ] = «d = /?J

_ 5
+ ={1(1+1) - 0(0+ 1)}2JH

+1

S

[9,,d_4) = [3,,9.//2]1 = V29, = VElg = (1(1+1) - (-1 (-] P

~

[32’3+1] ) [32’ '3+//73 : "3+/‘/2 =Jg T (+})J+3

[3,.35) = [3,3,1 = 0 = (0)3;

2’7z
[JZSJ_'I] = [JZ,J*/‘/Z] = ‘J_/\/-Z = ""J_] = ("])\}_-I
~ ~ ~ ~ — S 2/,\
[J*,J+1] = [J::J+//23 = /?JZ = {1(1+1)-1(1- 1)}*J0
Fay ~ -~ -~ ~ ~ l//\
[0_.9,) = [V _w9, ] =9 = V2d_y = 11(1+1) - 0(0- 1)1 4
[0.,3.41 = [_,3_//21 = 0= 101+ 1) - (-1)(-1-1))3,
and conclude that the operators Su’ uw= -1, 0, 1 form a tensor

operator of rank one.
It is useful to write the commutator relations for the ?LM

in terms of spherical components of the angular momentum operators:
3 - = L

[0,7:T ) = = ([LEL# 1) = MO )I/235T)

[JO,TLM] = M TL,M

(31T ) = (IL(L* ) = M- 10072357,

Referring to the table of C-G coefficients on pg. 38, we find

C(LIL M+1,-1) = {[L{L+1) - M(M+1)]/[2(L)(L+1)]}%
CILIL;M,0) = M/{L(L*1))*
C(L1L3M-1,1) = -{[L(L*1) - M(M-1)3/[2L(L+1)]}%

so that we may write the commutator relations as

~

P y 5 My, -
[0 2T ] = OFLIL)ECCILs Mo i) Ty

In an exactly analogous way, we can express the matrix elements

of the spherical tensor components of the angular momentum
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operators by

it s _ BrsgsamiBerays.
<j'm']9 Lgm> = éj.,jém.’m+u(—1).{3(J+B}2C(J13,m+u,—u).

19. The Wigner-Eckart Theorem

Having defined the components %LM of the irreducible spherical
tensor of rank L by their transformation properties under rotations,
and by their commutation relations with the angular momentum
pperators, we are now in a position to jnvestigate the matrix
elements of %LM between angular momentum states: <j'm‘]?LM]jm>:

The Wigner-Eckart theorem ctates that the dependence of the
matrix element <j'm‘|§LM]jm> on the gquantum numbers m', M and m
is entirely contained in the Clebsch-Gordan coefficient
C{jLj';mMm'} so that

<J'mt T gl o= <j’||TLi|j>C(ij';mMm‘)

where the "double bar" matrix element <j'lI%Lllj> depends only
on the quantum numbers j', L and J, not on m', M and m. Sometimes
r<j‘}l%L{lj> is called the reduced matrix element of the set of
operators %LM between angular momentum state j and J'.

The proof of the Wigner-Eckart theorem relies on the commutator
relations for the spherical tensor pperators with the angular

momentum operators, We begin with

[3,:Tmd = ¥ Ty

and take the matrix element of this equation:
<j‘m'tJZTLM]jm> - <j‘m'{TLMJZ|jm> = M<j'm‘|TLM|jm>

Now

~

<jlmi‘Jz LMIjm> - E <J-|mt]JZIjnmn><jnmniTLM‘jm>
j“,m"
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m" O g S, g0 <3 Tl Im>

j".m

2

m'<j'm!l?Lm‘jm> >

and

<j‘m‘|%LM321jm> = m<j'm'|%LMljm> .
therefore

(m' -m- M)<j‘m‘[?LMljm> =

which requires <j'm’\TLM!jm> = (0 unless m' = m+M.
This relation between m', m and M is, of course, contained in
the C-G coefficient C{3L3's mMm').

Next we consider the commutators
[3,.T ) = [L(L+1) - MM 15T
and the matrix element of this equation:
<j'm‘}3i'?LM\jm> A LA L
COIL(L#1) - MM DR [T e 13T

SRR irmt 3,50 ed et [Tyl 5m>

*8 L) " 1 L 3 o 1 z 1
= Z ’mn+" J u[ (J +1)-m (m j'_.‘)]z('-} m !TLM]Jm>

Lo - :
[50(3041) - me(m' g2 oed m 1 T yldm

Fal ~ 1/’ - \ ~ .
<j‘m']TLMJ+ljm> = [§(§+1) - m{m+1}]*<i'm ITLMlJm11>
Hence
Lo, o .
[0 (5 +1) -m (' g1 12 m 1 [Ty l3m>

L[3(3+1) - m(me1) 1R Tyl dmat>
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© L) - M) TR (T g 130

Now we know that each term in this equation will vanish unless
m'=m+ M+ 1, but 1o understand this further, we must o0k

back at the coupling of two angular momenta:
13'm'> :£:|Jm>lLM>C(3LJ smMm '}

where |jm> are e1genfunct10ns of J2 and J |LM> are eigenfunctions

of L2 and L , and [j'm'> are eigenfunctions of (J+L) . JZ+ Lz

1f we operate on [Jj'm'> with J 4-L , we obtain
A &

(3 +L)]d'm'> = [j‘(j'ﬂ)—!rﬂ‘(m:J)]""lJ"T"':,1>
¥ ¥

from the LHS, and

~ ~ ;’

G+ Lt = Y {LaEn) - mimg)1FHmg1> L0
¥ ¥

m,M
PLL(LST) - MQM ) T2 o L 1>

X C(ij';mMm‘)

on the RHS. We use the C-G series to eliminate |[j'm';1> on the

LHS and obtain

Z|3u>‘L)\>C(JLJ suam? 2D [I(3 ) - (m --1)'_12
WA

)Y IR(RSP I IUSSERA ELRISEAICI AL

m,M
}_;[J (3+1) - m{mg 1)]2[.]!“ T>1LM>C (L’ smMm")
or
ZHWILDC JLisuam 21331 +1) - mt (m’ -1)]“
U,

Yol
=Z lJ'u>lLA>[j(:i+3)-u(uﬁ)]"C(JLJ';“ﬂ.A,m’)
WA

1
+ Z, lJ’u>5L3\>[L(L+1)-7\(3\11)]2C(3Lj‘;u.>\jf_1,m')
s A
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Hence

\ . i ey s
[it{3t+n) -m‘(m';T)]aﬁ(JLJ';ukm';T)

. Lo
- [30341) - u(es1)TEC(iLi sutl a,m')

= [L(L*¥1) - A(A+1)T2C(3L3 " suaeT,m")

Settingi= M andu= m, we have

[3'(3'+1) = m*(m*31)72C(3L3" sm,Mum ' g1)

S5(541) - m(mA1)1EC(5LS smel  Mum')

= [L(L*1) - M(M+1)TEC(GLS " sm,M+1,m")

which is to be compared with our previous equation for the matrix

elements of TLM:
L oL, - .
[5G35 +1) = m' (m'31)1%<3 m gV [T ylim>

- [303+1) - m(mi])]%<j'm'|?LM]jmi1>

Yo, 2 .
= [L{L+1) - M(M+1)]7%<i'm lTLMi1|Jm>
These equations imply that, for given values of j, L, 3',

<3'm T gldme = F(3,LL 3 C(ILI smim )

or
<j'm'|TLM|jm> = C(ij‘;mmm')<j'||TL]l3>

which proves the Wigner-Eckart theorem.
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The Quadrupole Interaction

Let us now look at the electrostatic interaction between
the electrons in an atom or molecule and the charges within a
particular nucleus. It is easiest to investigate this problem
if we take our origin of coordinates to be at the centre of
the nucleus of interest. We then recognize that the electrons
in the atom or molecule generate an electric potential V(x,y.z)
at the point (x,y,z) and, if the densfty of nuclear charge is
o{x,y,z) at this point, the interaction between the electronic

and nuclear charges 1is simply

fff S (x.y,2)V(x,y,2)dxdydz

where the integration is over the total volume of the nucleus. Now
V{x,y,z) does not vary strongly over the nuclear volume so one

expects the McLaurin expansion

2 2
v 3V 3V 2,3°V 35V
Vix.y,z) = Vo + x(5) +ylgy) (&Y o+ wxf (%) + x5y
0 3X 0 3y 0 Z 0 8)(2 axay 0
2,8V
R o LR £ e Yy w22 e
0 3y~ O ayaz O 3z~ 0

where the sybscript zero means that V or its derivative is to be
evaluated at the origin of coordinates) is expected to converge
rapidly. [If we truncate the expansion at second order terms, the

interaction can be written as

" 2y
} by (Y L 5 3
Higp = 28Vg * x(8 ) + Hylgy . + 2(55)0 + (“"5%
2 2 2 2
2V 35V Lo 2V
* Qxy(axay) sz(axaz)O ¥ 2Qyy(a 2)0 ¥ Qyz(ayaz)
y
2
+ 0, (D)
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-
where Ze is just the total nuclear charge, u is the electric

dipole moment with components

U, =fffdxdydzo(x,y.2)a , 0= XsYZ

and Q is the quadrupole moment tensor for the nucleus with

-~

elements

Q{IB =ff dXddeD(Xsy, )QB s OigB = X,¥Y»Z

In general, nuclei do not have electric dipole moments soO U ~ 0.
We are interested particu1ar1y in the terms in the interaction
associated with the quadrupoie moment tensor of the nucleus and

its interaction with the electric field gradients at the nuclieus

X
£

Q B0, Vx Qxyvxy QY T 1/"’nyvyy * Qyzvyz * 50,V
=!§:£: QaBVaB
o, B
where 2
v = o V) 0,8 = X,Y¥Y,.Z
G-B Sa0B o s » s Yo

Now the elements QuB form a symmetric Cartesian tensor of second
rank as do the elements VuB of the electric field gradient. It is
clear that QQ 55 the contraction of the product of Q and V which
¢ the invariant zero rank tensor (scalar).

In order to use angular momentum theory and the Wigner-Eckart
theorem, we must convert the Cartesian tensors to irreducible
spherical tensors. The tensor g is built up from the product
of v with ¥ integrated over all space with weighting function
p(x,y,z). Hence the relation between the spherical components

of Q and its Cartesian components can be inferred from the
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relationships between the diadic ¥ ¥ in Cartesian components
and the irreducible spherical tensor components. In Cartesian

coordinates

Xz Xy X2
> > 2
ry o= yX y yz
ZX ZX 22

- .
¥ has spherical components

r+‘i = “(x"'iY)/\/z
T'O = Z
ey m (- i)/ VE

and the jnverse transformation is

X = (—r+14'r“1)//?

y = ilrg * r_1)/2
z =0
so that
X% = (rE1 + r§1 - 2ryyroq)/e
Xy = i(-rz]~*r§1)/2

xz = (-rro * ror_y)/ V2
y2 = (-ri} - r?1 - 2r v /2
yz = 1(r+1r0 + ror_l)//?
Z2 - r2
0

. . - -y
The irreducible tensor components of r ® r are

N> -

LM rmrMumC(l1L,m,M m,M)
m

with L = 0, 1 and 2 allowed.



-89-

L = 0 Case
2
Ry.0 = r+1r_1C(]10;1,-],0) + roc(11o;ooo) + r_3r+10(110;-110)
2 .
e (1743) - B(-170E) gy (1773 = (2rarog - FSVR%]
= _(x2+_y2+ 22)/\/§
L = 1 Case
R1’1 = r+1roc(}11;10])+-r0r+1C(1]1;011) = r+1r0(1/J7 - 1//2)
=0
Ry g = TapfoqCOITT1,-1,00 P20(1113000) + r_3rqC(1115-110)
= r+1r_}(1/J? - 1/V/2) + r%(ﬂ) =0
Ry .1 = ror“]C(]11;0-1—1) + r”]rgc(111;-10-1) = rgr_(/VZ - 1/V2)

= 0
It is not surprising that the first rank tensor vanishes since

it is essentially the vector cross-product of ¥ with ¥ which

we know is zero.

L = 2 Case
2
Rp.2 = T4
Rpq ° r+1r0C(112;1OT) + r0r+1C(112;011) = r+]r0(1//? + 1/v/2)
= VZr g
) 2
RZ,O = r+1r_]C(112;1,-1,0) + rOC(112;000) + r_]r+1c(112;~1,1,0)
- pqr (1748 + 1//8) r2(2//6) = (2//8) (ryyry * rf)
Ry .1 = Tom C11230,-1,-1) + r_qrgC(1123-1,0,-1)
= ror_1(1//? + 1/V2) = Y2rgr
-
Ry 2 5 Ty

Hence the products of the spherical tensor components of v are
related to the irreducible tensor components RLn by

2 .
re1 T Roo

raro = Rp/72



-90-

R R, O/Jﬁ + R

; 0’0//3
r5 = 2R, ofVE - Ry o/ 73
vt = R2,-1//§

2 .
rop 7 Ry -2

and the Cartesian components are given by

2

X

1

R .2

xy = -1R, 2/2 + iR, _2/2
Xz = 'R2,¥/2 + Rz,_}/z
Y2 = Ry /2 = Ry o7 = Ry /8 - Ry of 3

yz = 1R2’1/2 + iRZ’_}/Z
2 - -
Therefore

0, = Qp /2 * Qp p/% - 0, o/ 78 - Qg,0/"3
Qxy = =10, ,/2 * 10y _p/2
sz = '02 ]/2 + Qz “1/2

ny = “Qz’z/z - Q2,_2/2 - QZ,D/‘/E - 00’0/3/3.
Q,, = 10,172+ i0p,1/%
Q,, = ZQE,G//E - QO,O//g

with the spherical tensor components of the nuclear quadrupole
tensor given by

Q.o = (0 * Oy * G137 -Tr(Q)/V3

02’2 = (QXX - ny)/z + 1Qxy

%,1 % Y
QZ,O = [3sz - Tr(g)]/JE

- }Qyz

QZ,-1 - sz " iQyz
(Qxx - ny)/E f iQxy

In an exactly analogous fashion, the electric field gradient
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tensor V can be reduced to its spherical tensor components

Vg © V2,2/2 + Vz’-2/2 - VZ,O//E - VO,D//i
ny = »iV2,2/2 + ivz,“2/2 ~
Vxz = —V2,1/2 + V2’~1/2

Voy * Ny o/2 - Vy o2 - Vz,o/‘/g - Vg o/ 3
Vyz = in,]/Z + 1“2,-1/2

V,, * 2\'2’0//5 - Vg o/3

where

Vo,0 © *TP(Y)//ﬁ

V2,2 - (Vxx - yy)/2 * Wxy

Vo1 7 Yz " 1-Vyz

Vo g = I3V, - Tr{v)1//6

Vo, 1 7 Vez -~ 1.Vyz

VZ,—2 = (Vxx - V )/2 - iV Xy

The quadrup01e 1nteractaon can now be written as

Hy = 3%.0%,0 * 22 (-1 Vo, o

Now all we know about the nucleus is that it has spin angular
momentum I and angular momentum eigenfunctions |[IM>. In this

basis, the guadrupole interaction has representation

- ] - 1 A
CIM' [Hg | TH> = <IN'[Qq ol TM>Vg o * 52(-1)m<m 8, 1V,

m
The first term will have only diagonal elements and gives rise

to a small shift in the energies of all states. It is the
csecond term which is correctly referred to as the quadrupole
interaction. In order to proceed further, we must evaluate

the matrix elements <IM'|Q2 m|1M> using the Wigner-Eckart theorem:

<IM | INELE C{I21;M,m, M )<I|]0,] 1>
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The measured quadrupole moment of a nucleus is defined as

eQ = <zz|/€62 ol11> = /66(121;101)<I\1522\1>

The -G coefficient is given on pg. 38 and we find

20 - EL31% - 11+ D)1/21- DI+ )21+ DNTHIG]11>

{1en- 1)/ LT+ 1) (2L 3)1} 21| [0, 1>

This shows clearly that eQ - 0 for 1 = 0 and I = 1/2. The
reason why nuclei with spin less than 1 cannot have electric
quadrupole moments is seen to evolve from the transformation
properties of the quadrupole interaction under rotations.

The matrix element of QZm is now given by

1

<1M*152m11M> = eQC(I21;MmM") {(14-1)(21+-3)/[61(21- 1)]}’é

It is useful at this point to recognize that the matrix elements

5
of the cecond rank tensor T2 constructed from the product I ® I
of the spherical components of the spin angular momentum

operators, with

Ty ° (1,)° (12 - fy)/z + %(fxfy + Ey?x)/z

%2,1 = (f+1f0 + Eof 1072

?2,0 = (i+]f_]+-2E%+ I3 H)//"-— (-1¢ 12 . f§+-2f§)//” = (3?2“ 12,/
T, 1" (fof~] 2 1_,1)//2

%2,“2 = (I ]) 2- I )/2 - 1( + fyfx)/g

has matrix elements
<IM' IT IIM> = C(IZI'MmM')<I]\T2[{I>
The reduced matrix element <I|{T2[[I> is evaluated by taking

the case M = M =1, m~= 0, for which

<11]T, oi11> = <) (312- 12/ /811> = [312 - 1(1+1)1//6

and
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i

C(121;3101) = [312 - 1(1+1)I/[(21-1)1(1+1)(21+ 3)7%

Hence

11T, 11> = [(21- 1)1+ 1)(21+3))%//5

H

and we can write

C(120:MmM*) = <IN [T, [IM>/B/[(21 - 1)I(1+1)(21+ 3)7%

Therefore the matrix element of 02 m can be written as

~

<IM|Q, I = eo{(1+ 1)(21+3)/[1(21 - 1)1}
% {(21- 1)T(1+1) (20 + 3)} w7, 1M
= eq[i(2l - 1)]”1<IM‘1%2’miIM>

This implies that, for all intents and purposes,

0y, = eQL1(21 - NI,

and we can replace the operators QZ m in HQ with the operators
]

~

T2m within a particular I manifold. Therefore

o~ - _ _ mA

Hy = {ea/Tz1(2] 1)]} > -0y Vo

m .

Now V2 is the electric field gradient tensor and its elements
reflect the symmetry of the electron distribution in the atom
or molecule. We shall assume that the coordinate system is
chosen so that the derivatives (BZV/axay)O, (BZV/ayaz) and
(BZV/azax)O vanish i.e. the Cartesian tensor V is diagonal.
Then only Vxx’ Vyy’ sz are non-zero and the spherical tensor

components of !2 are

Vo p = (V= Vyyl/2

Vyq =0

Vo g 7 L2V, - Vit v, )1/VE
Vo 1 =0

Vo o= Wy - vyy)/z
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and the only surviving terms

~

)

2,-2 ¥ T2,0Y2,0 % T2,-2

=[(1x- Iy)/Z + i(Iny +

s [(312- 1)/ /8002y, -

[
_ (12 . 12
= (317 - I9)[2v,, -V, -V,

Therefore

Hy - {eQ/[ZI(ZI- 1)1}{[(2vzz

+ LV,

Now V, must be traceless (we

term in HQ) so that

Vxx*'vyy+ sz = 0
Furthermore, we define

eq = sz (often called
and n = (Vxx»\lyy)/vzz (the

so that
~ 2

which is the usual form of t

example, Abragam).

-

in the sum over m in HQ are

~

Vo2
1,7,0/21000,, - Vy,)/2]

Vey = Yyy )/ VE]

+ (2102 - (1,1, + 110721000, - Vy,)/2]
2 2
N6+ (12 = D)1, -V /2]

T2 -2

- Vxx- Vyy)/6](31z - 1I7)
2 211
-V, ) /21015 - Iy)}

have ignored the scalar QO OVO 0

the field gradient at the nucleus)

asymmetry of the field gradient)

n(fi - fy)}

he quadrupole dinteraction (see, for

20. The Projection Theorem for First-Rank Tensors

In connection with the e
used an operator replacement
Hamiltonian operator. The u
important in atomic spectros

a formal sense one should be

lectric guadrupole interactions, we
to obtain the final form for the

se of operator replacements is very
copy and crystal field theory. In

much more precise about operator

replacements than I have been above. In this section we want
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to investigate the matrix elements of an arbitrary first-rank
tensor Tl‘ We can view the rank zero contraction of T.I and

the angular momentum vector J
3 3 ~ o~
L] - - u
3T, “;( NHLTy
> N ~
as a projection of T1 on 4. Actually the projection is
_l/-b—b
[j(3+1)] 2(J~T1). There are three theorems which deserve
mention:

I. Decomposition Theorem of the First Kind

. L S-S
<3m‘iJM(J-T1ﬂJm> .

<G'mt [ Tyylims = o

11. Factorization Theorem

-~ ~ ~
= -5

- 5 n 5
<j‘m‘|JM(J-T1)|jm> = <jm‘§JM[jm><j|[J-T]llj> 851, 3

111. Decomposition Theorem of the Second Kind

~

~ R .
<jm'iT1mljm> = <jm'IJMIjM><JiIJ'T}||J>/J(J +1)
The last expression is really the operator replacement theorem

in that it implies that, within a given j manifold,

~ ~

~ ~ >
Tin = JM<311J-T][13>/J(J +1)
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STANDARD PROYTON PARAMETERS \____,,
OBSERVE HI

FREQUERCY 499.843 MHz -
SPECTRAL WIDTH $000.0 Hx C:D
2D SPECTRAL WIDTH 8000.0 H=z
ACQUISIWION TiIME 0.500 sec

RELAXATION DELAY 1.500 sec )
MIXING TIME 0.050 sec

PULSE WIDTH 26.5 usec

TEMPERATURE 30.0 deg. C.

NO. REPETITIONS 1
NO. INCREMENTIS 1
PECOUPLE H1

HIGH POWER O

DECOUPLER GATED OFF DURING ACQUISITION TN
DECOUPLER GATED ON DURING DELAY T
SINGLE FREQUERCY |

DOUBLE PRECISION ACQUISITION =
DATA PROCESSING

FT SIZE 8192 N gt §>
F1 DATA PROCESSING e — T
LINE BROADENING 0.3 Hz F I NI
PP ST2E 1024 &
TOTAL ACQUISITION TiME 1 minutes P
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